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Homomorphisms into simple Z-stable C∗-algebras, II

Guihua Gong, Huaxin Lin and Zhuang Niu

Abstract

Let A and B be unital finite separable simple amenable C∗-algebras which satisfy the
UCT, and B is Z-stable. Following [7], we show that two unital homomorphisms from A
to B are approximately unitarily equivalent if and only if they induce the same element in
KL(A,B), the same affine map on tracial states and the same Hausdorffified algebraic K1

group homomorphism. A complete description of the range of invariant for unital homomor-
phisms is also given.

1 Introduction

Let X and Y be two compact Hausdorff spaces, and denote by C(X) (or C(Y )) the C*-algebra
of complex-valued continuous functions on X (or Y ). Any continuous map λ : Y → X induces
a homomorphism ϕ from the commutative C*-algebra C(X) into the commutative C*-algebra
C(Y ) by ϕ(f) = f ◦ λ, and any homomorphism from C(X) to C(Y ) arises this way (in this
paper, by homomorphisms or isomorphisms between C*-algebras, we mean *-homomorphisms
or *-isomorphisms). It should be noted that, by the Gelfand transformation, every unital com-
mutative C*-algebra has the form C(X) as above. Therefore, to study continuous maps from Y
to X is equivalent to study the homomorphisms from C(X) to C(Y ).

We study the non-commutative version of this. In this paper, we consider only simple C∗-
algebras. The paper is a continuation of [18]. The first part of results can be stated as follows:
Let A and B be unital finite separable simple amenable C∗-algebras which satisfy the UCT
such that B is Z-stable. Let ϕ,ψ : A→ B be two unital monomorphisms. Then there exists a
sequence of unitaries {un} ⊂ B such that

lim
n→∞

u∗nψ(a)un = ϕ(a) for all a ∈ A,

if and only if
[ϕ] = [ψ] in KL(A,B), ϕT = ψT and ϕ‡ = ψ‡,

where ϕT , ψT : T (B) → T (A) are the continuous affine maps induced by ϕ and ψ, where T (A)
and T (B) are tracial state spaces of A and B, and ϕ‡ and ψ‡ are induced homomorphisms from
U(A)/CU(A) to U(B)/CU(B), respectively, and, where U(A) and U(B) are unitary groups
of A and B, and CU(A) and CU(B) are the closures of commutator subgroups of A and B,
respectively (see Theorem 4.3 and see [18] for the cases that A may not be simple, also earlier
results in [16], see also [19]).

In the case that B is a unital purely infinite simple C∗-algebra, T (B) = ∅. Then ϕT and ψT
are both trivial maps. Also, by Corollary 2.7 of [8], U(B)/CU(B) = {0}. One ignores the trivial
maps ϕ‡ and ψ‡. Without assuming A is simple, the same result as Theorem 4.3, in the case B
is purely infinite simple, is known as stated as Theorem 6.7 of [11].

Theorem 4.3 is a generalization of Theorem 5.8 of [18] at least in the case that A is simple.
The proof also follows the same lines as described in Remark 5.7 of [18] using the established
results in [6] and [7].
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The second part of this research is seeking the range of the invariant for the homomorphisms
from A to B. Similar results were also obtained in [18]. Let κ ∈ KL(A,B) be a strictly positive
element (see Definition 2.6) with κ([1A]) = [1B], κT : T (B) → T (A) be a continuous affine
maps, and let κγ : U(A)/CU(A) → U(B)/CU(B) be a continuous homomorphism. As in
[18], not all compatible triples (κ, κT , κγ) are proved to be reached by unital homomorphisms.
This is not just the limitation of the method. By the classification theorem in [15] and [17],
there is a unital separable simple Z-stable C∗-algebra A with a unique tracial state which
is locally approximated by sub-homogeneous C∗-algebras such that (K0(A),K0(A)+, [1A]) =
(Z,Z+, 1) and K1(A) = Z/pZ for some prime number p > 1. By Lemma 6.8 of [18], there is
a unital homomorphism ϕ : A → Z which induces identity on K0(A). We found that, up to
approximately unitary equivalence, ϕ is the only such homomorphism which induces KL(ϕ).
However, there are other continuous homomorphism γ : U(A)/CU(A) → U(Z)/CU(Z) which
are compatible to KL(ϕ) and the identity map on the tracial state spaces (which has only
one point for both C∗-algebras). In other words, there are compatible triples (κ, κT , κγ) which
cannot be reached by unital homomorphisms.

This is by no means an accident. Fix a compatible pair (κ, κT ). Denote by
Homκ,κT (U(A)/CU(A), U(B)/CU(B)) the subset of those homomorphisms in
Hom(U(A)/CU(A), U(B)/CU(B)) which are compatible to the pair (κ, κT ). There is a bi-
jection from Homκ,κT (U(A)/CU(A), U(B)/CU(B)) to the group Hom(K1(A), T ), where T =

Aff(T (B))/ρB(K0(B)) and where ρB : K0(B) → Aff(T (B)) (the space of all real continuous
affine functions on the tracial state space T (B) of B) is the usual pairing of K0(B) and T (B).

Let Homκ,κT ,app(A,B) be the approximately unitary equivalence classes of unital homomor-
phisms ϕ such that ϕ induce the pair (KL(ϕ), ϕT ) = (κ, κT ). We show that Homκ,κT ,app(A,B) is
not empty. The uniqueness part of this paper gives an injective map from Homκ,κT ,app(A,B) to a
subgroup of Hom(K1(A), T ). This subgroup is isomorphic to the group Hom(K1(A)/Tor(K1(A)), T ).
Theorem 5.10 shows that there is a splitting short exact sequence which further describes this
subgroup. It turns out (see 5.15), whenever RρB(K0(B)) 6= ρB(K0(B)) and K1(A) has a tor-
sion, this subgroup is a proper subgroup of Hom(K1(A), T ). In those cases, there are compatible
triples (κ, κT , κγ) which cannot be reached by unital homomorphisms. We also show that there
is another way to describe the range of the invariant of unital homomorphisms by considering
a sequence of compatible triples which complements the description of the range of unital ho-
momorphisms mentioned above (see Theorem 6.5 and Remark 6.6). The group U(A)/CU(A) is
also an essential part of the invariant set for the classification of non-simple C∗-algebras with
ideal property (not just for homomorphisms), see [4] and [5] (see also [21] for general information
about C∗-algebras with ideal property).
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2 Notations

Definition 2.1. Let A be a unital C∗-algebra. Denote by As.a. the self-adjoint part of A and
A+ the set of all positive elements of A. Denote by U(A) the unitary group of A, and denote
by U0(A) the normal subgroup of U(A) consisting of those unitaries which are in the connected
component of U(A) containing 1A. Denote by DU(A) the commutator subgroup of U0(A) and
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CU(A) the closure of DU(A) in U(A).

Definition 2.2. Let A be a unital C∗-algebra and let T (A) denote the simplex of tracial states
of A, a compact subset of A∗, the dual of A, with the weak* topology. Denote by Aff(T (A)) the
space of real valued affine continuous functions on T (A).

Let A be a unital stably finite C∗-algebra with T (A) 6= ∅. Let τ ∈ T (A). For each integer
n ≥ 1, we will continue to use τ for its extension τ ⊗ Tr on Mn(A), where Tr is the standard
trace on Mn.

Denote by ρA : K0(A)→ Aff(T (A)) the order preserving homomorphism defined by ρA([p])(τ) =
τ(p) for any projection p ∈Mn(A), n = 1, 2, ... (see the convention above).

Suppose that B is another C∗-algebra with T (B) 6= ∅ and ϕ : A → B is a unital homo-
morphism. Then ϕ induces a continuous affine map ϕT : T (B) → T (A) defined by ϕT (τ)(a) =
τ(ϕ(a)) for all a ∈ A and τ ∈ T (B). Denote by ϕ] : Aff(T (A))→ Aff(T (B)) the continuous map
induced by ϕT .

Definition 2.3. Let A be a unital C∗-algebra, and let u ∈ U0(A). Let u(t) ∈ C([0, 1], A) be a
piecewise smooth path of unitaries such that u(0) = u and u(1) = 1. Then the de la Harpe–
Skandalis determinant of the path {u(t)}0≤t≤1 is defined by

Det({u(t)}0≤t≤1)(τ) =
1

2πi

∫ 1

0
τ(
du(t)

dt
u(t)∗)dt for all τ ∈ T (A),

which induces a homomorphism

Det : U0(A)→ Aff(T (A))/ρA(K0(A)).

The determinant Det can be extended to a map from U0(M∞(A)) into

Aff(T (A))/ρA(K0(A)).

Definition 2.4. Suppose that A is a unital C∗-algebra with T (A) 6= ∅. Recall that CU(A) is
the closure of the commutator subgroup of U0(A). Let u ∈ U(A). We shall use ū to denote the
image in U(A)/CU(A). It was proved in [25] that there is a splitting short exact sequence

0→ Aff(T (A))/ρA(K0(A))→
∞⋃
n=1

U(Mn(A))/
∞⋃
n=1

CU(Mn(A))
ΠcuA−→K1(A)→ 0. (e 2.1)

For each A, we will fix one splitting map sA : K1(A) →
⋃∞
n=1 U(Mn(A))/

⋃∞
n=1CU(Mn(A))

such that Πcu
A ◦ sA = idK1(A) .

In the case that A has stable rank no more than k (k ≥ 1), one may have

0→ Aff(T (A))/ρA(K0(A))→ U(Mk(A))/CU(Mk(A))
ΠcuA
� sA K1(A)→ 0. (e 2.2)

Definition 2.5. Let ΣA : Aff(T (A))→ Aff(T (A))/ρA(K0(A)) be the quotient map.

Definition 2.6. Let A be a unital separable C∗-algebra and B be a unital finite simple Z-
stable C∗-algebra. Denote by KLe(A,B)++ the subset of those elements κ in KL(A,B) such
that κ(K0(A)+ \ {0}) ⊂ K0(B)+ \ {0}) and κ([1A]) = [1B].

Suppose, in addition, T (A) 6= ∅. Let κT : T (B)→ T (A) be a continuous affine map. Then κT
induces an affine continuous map κ] : Aff(T (A))→ Aff(T (B)). The pair (κ, κT ) is compatible if

ρB(κ(x))(τ) = ρA(x)(κT (τ)) for all x ∈ K0(A) and τ ∈ T (B). (e 2.3)
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In particular, κ](ρA(K0(B))) ⊂ ρB(K0(B)). Thus κ] induces a homomorphism

κ̄] : Aff(T (A))/ρA(K0(A))→ Aff(T (B))/ρB(K0(B)).

For the convenience, let us also assume that A has stable rank at most n. Let
κγ : U(Mn(A))/CU(Mn(A)) → U(Mn(B))/CU(Mn(B)) be a continuous homomorphism. We
say that (κ, κT , κγ) is compatible, if (κ, κT ) is compatible, and the following diagram commutes

0→ Aff(T (A))/ρA(K0(A)) → U(Mn(A))/CU(Mn(A))
ΠcuA−→ K1(A) → 0

↓κ̄T ↓κγ ↓κ|K1(A)

0→ Aff(T (B))/ρB(K0(B)) → U(Mn(B))/CU(Mn(B))
ΠcuB−→ K1(B) → 0,

(e 2.4)

where κ̄T is the homomorphism induced by κT .
Let n > 1 and let j : U(A)/CU(A) → U(Mn(A))/CU(Mn(A)), j∗ : U(A)/U0(A) →

U(Mn(A))/U0(Mn(A)) and j] : U0(A)/CU(A) → U0(Mn(A))/CU(Mn(A)) be the homomor-
phisms induced by the map u 7→ diag(u, 1n−1). Suppose that A has stable rank one. Then,
by Theorem 2.9 of of [22] and by Corollary 3.11 of [8], the maps j∗ and j] are isomorphism.
Moreover K1(A) = U(A)/U0(A). Note that

∏cu
A ◦j = j∗ ◦

∏cu
A . It follows that j is injective. Let

u ∈ U(Mn(A)). There is u0 ∈ U(A) such that u · diag(u∗0, 1n−1) ∈ U0(Mn(A)). It follows that
u · diag(u∗0, 1n−1) ∈ U0(Mn(A))/CU(Mn(A)). By Corollary 3.11 of [8], there is v0 ∈ U0(A) such
that u · diag(u∗0, 1n−1) = diag(v0, 1n−1). Thus ū = diag(u0v0, 1n−1). In other words, the map
z → diag(z, 1̄n−1) from U(A)/CU(A) to U(Mn(A))/CU(Mn(A)) is an isomorphism.

Definition 2.7. Let A andB be unital C∗-algebras with T (A) 6= ∅ and T (B) 6= ∅. Let ϕ : A→ B
be a unital homomorphism. Denote by KK(ϕ) and KL(ϕ) the elements in KK(A,B) and
KL(A,B) induced by ϕ, respectively. We also use [ϕ] for KL(ϕ) whenever it is convenient.

Note that ϕ] maps ρA(K0(A)) to ρB(K0(B)) and ϕ maps CU(A) into CU(B). Denote by ϕ‡ :
U(A)/CU(A) → U(B)/CU(B) the induced continuous homomorphism. Then (KL(ϕ), ϕT , ϕ

‡)
is compatible.

2.8. Let A and B be unital C∗-algebras such that T (B) 6= ∅. Let ϕ,ψ : A → B be two unital
homomorphisms such that τ ◦ ϕ = τ ◦ ψ for all τ ∈ T (B). Consider the mapping torus

Mϕ,ψ = {(b, a) ∈ C([0, 1], B)⊕A : b(0) = ϕ(a) and b(1) = ψ(a)}.

Let u = (u(t), a) ∈ U0(Mn(Mϕ,ψ)) (u(0) = ϕ(a), u(1) = ψ(a)) such that u(t) is piecewise smooth.
Then u = exp(ih1) exp(ih2) · · · exp(ihm), where hj ∈ Mn(Mϕ,ψ)s.a.. Moreover, one may choose
hj(t) (t ∈ [0, 1]) so that hj(t) is piecewise smooth. One then computes that, for each τ ∈ T (B)
(since τ ◦ ϕ = τ ◦ ψ),

Rϕ,ψ(u(t))(τ) =
1

2πi

∫ 1

0
τ(
du(t)

dt
u∗(t))dt (e 2.5)

=
1

2πi

∫ 1

0

m∑
j=1

τ(
dhj(t)

dt
)dt (e 2.6)

=
1

2πi

m∑
j=1

(τ(hj(0))− τ(hj(1))) = 0. (e 2.7)

As in 3.2 and 3.3 of [15], Rϕ,ψ : K1(Mϕ,ψ) → Aff(T (B)) is a homomorphism. In fact, we have
the following commutative diagram:

K0(B)
ι−→ K1(Mϕ,ψ)

↘ρB ↙Rϕ,ψ

Aff(T (B))

. (e 2.8)
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Definition 2.9. Let κ ∈ KLe(A,B)++ and κT : T (B) → T (A) be a continuous affine map
such that (κ, κT ) is a compatible pair. Let Homκ,κT(U(A)/CU(A), U(B)/CU(B)) be the set of
homomorphisms γ : U(A)/CU(A)→ U(B)/CU(B) such that (κ, κT , γ) is compatible.

Fix g ∈ Homκ,κT (U(A)/CU(A), U(B)/CU(B)). Then, for any

β ∈ Homκ,κT (U(A)/CU(A), U(B)/CU(B)),

g − β gives a homomorphism in Hom(U(A)/CU(A), U(B)/CU(B)) which maps U(A)/CU(A)
to Aff(T (B))/ρB(K0(B)) and vanishes on Aff(T (A))/ρA(K0(A)). Thus

{g − β : β ∈ Homκ,κT(U(A)/CU(A), U(B)/CU(B))} = Hom(K1(A),Aff(T (A))/ρA(K0(A))).

Let Γg be the bijection β 7→ g − β (β ∈ Homκ,κT(U(A)/CU(A), U(B)/CU(B)) which gives a
group structure on Homκ,κT(U(A)/CU(A), U(B)/CU(B)). Note that the group is independent
of the choice of g. In this way, we may view

Homκ,κT (U(A)/CU(A), U(B)/CU(B))

as an abelian group. Denote by Homalf (K1(A),Aff(T (B))/ρB(K0(B))) the subgroup of homo-

morphisms h̄ in Hom(K1(A),Aff(T (B))/ρB(K0(B))) such that there is a sequence of homomor-
phisms hn ∈ Hom(K1(A),Aff(T (B))) such that π ◦ hn|Gn = h̄|Gn , where Gn ⊂ Gn+1 ⊂ K1(A)
is a finitely generated subgroup and K1(A) = ∪∞n=1Gn.

Let Homκ,κT ,app(A,B) be the set of approximately unitary equivalence classes of homomor-

phisms ϕ fromA toB such that (KL(ϕ), ϕT ) = (κ, κT ). Let Homalf (K1(A),RρB(K0(B))/ρB(K0(B)))

be the subgroup of homomorphisms h̄ in Homalf (K1(A),Aff(T (B))/ρB(K0(B))) such that h̄(K1(A)) ⊂
RρB(K0(B))/ρB(K0(B)). It is also a subgroup of those h̄’s in Hom(K1(A),RρB(K0(B))/ρB(K0(B)))
such that there is a sequence of homomorphisms hn ∈ Hom(K1(A),RρB(K0(B))) such that
π ◦ hn|Gn = h̄|Gn , where Gn ⊂ Gn+1 ⊂ K1(A) is a finitely generated subgroup and K1(A) =
∪∞n=1Gn.

Definition 2.10 (Definition 9.2 of [6]). Let A be a unital simple C*-algebra. We say A has
generalized tracial rank at most one (gTR(A) ≤ 1), if the following property holds: Let ε > 0,
let a ∈ A+ \ {0} and let F ⊆ A be a finite set. There exist an non-zero projection p ∈ A and a
unital C*-subalgebra C which is a subhomogeneous C*-algebra whose spectrum has dimension
at most one and with 1C = p such that

(1) ‖xp− px‖ < ε for all x ∈ F ,

(2) dist(pxp,C) < ε for all x ∈ F , and

(3) 1− p . a.

By Theorem 4.10 of [3], every unital finite separable simple C∗-algebra with finite nuclear
dimension which satisfies the UCT has the property that gTR(A ⊗ U) ≤ 1 (see also Theorem
3.4 of [20]) for every infinite dimensional UHF-algebra U.

Now let A be a unital finite separable simple amenable C∗-algebra which satisfies the UCT
and U be a UHF-algebra of infinite type (so U ∼= U ⊗ U). By [1], A ⊗ U has finite nuclear
dimension. From the previous paragraph, gTR(A⊗U) = gTR((A⊗U)⊗U) ≤ 1. This fact will
be repeatedly used throughout the paper.

Definition 2.11. Throughout the paper, Q is the UHF-algebra such that (K0(Q),K0(Q)+, [1Q]) =
(Q,Q+, 1). Let r be a supernatural number but not a natural number. Denote by Mr the UHF-
algebra associated with r.
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Let p and q be a pair of relatively prime supernatural numbers of infinite type such that
Mp ⊗Mq = Q. Let jp : Mp → Q be defined by jp(a) = a⊗ 1Mq and jq : Mq → Q be defined by
jq(b) = b⊗ 1Mq . Define

Zp,q = {(f, a, b) : (f, a, b) ∈ C([0, 1], Q)⊕ (Mp ⊕Mq) : f(0) = jp(a), f(1) = jq(b)}. (e 2.9)

Definition 2.12. Let A be a unital separable amenable C∗-algebra and let x ∈ A. Suppose
that ‖xx∗−1‖ < 1 and ‖x∗x−1‖ < 1. This “approximate unitary” is close to a unitary. In fact,
x|x|−1 is a unitary. Let us use 〈x〉 to denote x|x|−1.

Let A and B be unital C∗-algebras and let ϕ : A → B be a homomorphism and v ∈
U(B). We refer to 2.14 of [6] for the definition of locally defined bott0(ϕ, v), bott1(ϕ, v) and
Bott(ϕ, v) when ϕ and v almost commute. We also refer to 2.12 and 2.14 of [6] for other related
terminologies.

3 Homotopy Lemmas, restated

Lemma 3.1 (Lemma 25.4 of [7]). Let A = A1 ⊗U1, where gTR(A1) ≤ 1 and satisfies the UCT
and U1 is a UHF-algebra of infinite type. For any 1 > ε > 0 and any finite subset F ⊂ A, there
exist δ > 0, σ > 0, a finite subset G ⊂ A, a finite subset {p1, p2, ..., pk, q1, q2, ..., qk} of projections
of A such that Q :={[p1]− [q1], [p2]− [q2], ..., [pk]− [qk]} generates a free abelian subgroup Gu of
K0(A), and a finite subset P ⊂ K(A), satisfying the following condition:

Let B = B1 ⊗ U2, where gTR(B1) ≤ 1 and U2 is a UHF-algebra of infinite type. Suppose
that ϕ : A→ B is a unital homomorphism.

If u ∈ U(B) is a unitary such that

‖[ϕ(x), u]‖ < δ for all x ∈ G, (e 3.1)

Bott(ϕ, u)|P = 0, (e 3.2)

dist(〈((1− ϕ(pi)) + ϕ(pi)u)(1− ϕ(qi)) + ϕ(qi)u∗)〉, 1̄) < σ, and (e 3.3)

dist(ū, 1̄) < σ, (e 3.4)

then there exists a continuous path of unitaries {u(t) : t ∈ [0, 1]} ⊂ U(B) such that

u(0) = u, u(1) = 1B, (e 3.5)

dist(u(t), CU(B)) < ε for all t ∈ [0, 1], (e 3.6)

‖[ϕ(a), u(t)]‖ < ε for all a ∈ F and for all t ∈ [0, 1], and (e 3.7)

length({u(t)}) ≤ 2π + ε. (e 3.8)

Remark 3.2. The original statement of 25.4 of [7] assumes A1 ∈ B0. However, since U1⊗U1
∼=

U1, we may assume A1 = A1 ⊗ U1. If gTR(A1) ≤ 1, by 19.2 of [6], A1 ⊗ Q ∈ B0. Then, by
Theorem 3.4 of [20] (see also Theorem 3.20 of [6]), A1⊗U1 ∈ B0. Thus it suffices to assume that
gTR(A1) ≤ 1 as well as gTR(B) ≤ 1. Also B does not need to assumed to satisfy the UCT.

Let us also comment that the condition (e 3.4) may be dropped (if we choose sufficiently
large set {p1, p2, ..., pk, q1, q2, ..., qk} and sufficiently small σ). To see this, one notes that one can
always assume [1A] + x ∈ Gu for some x ∈ K0(A) with mx = 0 for some integer m ≥ 1. Thus
m[1A] ∈ Gu. Suppose that m[1A] =

∑k
j=1mj([pj ] − [qj ]) for some integers mj , j = 1, 2, ..., k.

Once this is done, let K = (
∑k

j=1 |mj |). For any 1 > ε > 0, choose σ = ε/K. Then, one checks

that the condition (e 3.3) implies that dist(um, 1) < Kσ.
We claim that dist(u, 1̄) < ε/m. In fact, there exists a unitary ωc ∈ CU(A) and ω ∈ U(A)

such that uωcω = 1 and ‖ω − 1‖ < Kσ = ε < 1. Therefore ω = exp(iπa) with a ∈ As.a.
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and ‖a‖ < ε/m. Write ωc =
∏k2
k=1 exp(ibk) for some bk ∈ Ms.a., k = 1, 2, ..., k2. Define ωc,0 =∏k2

k=1 exp(ibk/m) and ω0 = exp(ia/m). Then (uωc,0ω0)m = 1 ∈ CU(A). By Corollary 11.7 of
[6], U(A)/CU(A) is torsion free. It follows that uωc,0ω0 ∈ CU(A) and ωc,0 ∈ CU(A). Hence

dist(u, 1) ≤ ‖ω0 − 1‖ < ε/m. (e 3.9)

Lemma 3.3 (cf. Lemma 24.5 of [7]). Let A = A1 ⊗U1, where A1 is as in Theorem 14.10 of [6]
and B = B1 ⊗ U2, where is a unital simple C∗-algebra with gTR(B1) ≤ 1 and where U1, U2 are
two UHF-algebras of infinite type. Let A = limn→∞(Cn, ın) be as described in Theorem 14.10
of [6], For any ε > 0, any σ > 0, any finite subset F ⊂ A, any finite subset P ⊂ K(A), and
any projections p1, p2, ..., pk, q1, q2, ..., qk ∈ A such that {x1, x2, ..., xk} generates a free abelian
subgroup G of K0(A), where xi = [pi]− [qi], i = 1, 2, ..., k, there exists an integer n ≥ 1 such that
xi ∈ P ⊂ [ın,∞](K(Cn)) (1 ≤ i ≤ k) and there is a finite subset Q ⊂ K1(Cn) which generates
K1(Cn) and there exists δ > 0 satisfying the following condition: Let ϕ : A → B be a unital
homomorphism, let Γ : G→ U(B)/CU(B) be a homomorphism and let α ∈ KK(Cn⊗C(T), B)
such that

α(β(g)) = Πcu
B (Γ((ın,∞)∗0(g)) for all g ∈ ı−1

n,∞(G) (see (e 2.4)) and (e 3.10)

|τ ◦ ρB(α(β(x)))| < δ for all x ∈ Q and for all τ ∈ T (B). (e 3.11)

Then there exists a unitary u ∈ B such that

‖[ϕ(x), u]‖ < ε for all x ∈ F , Bott(ϕ ◦ [ın,∞], u) = α(β),

and, for i = 1, 2, ..., k,

dist(〈((1− ϕ(pi)) + ϕ(pi)u)((1− ϕ(qi)) + ϕ(qi)u∗)〉,Γ(xi)) < σ. (e 3.12)

Proof. As in 3.2, we may assume that B1 ∈ B0. The lemma follows from Lemma 24.2 and
Theorem 22.17 of [7]. In fact, for any 0 < ε1 < ε/2 and finite subset F1 ⊃ F , by Lemma 24.2,
there exists an integer n ≥ 1, a finite subset Q ⊂ K1(Cn), and δ > 0 as described above, and a
unitary u1 ∈ U0(B), such that

‖[ϕ(x), u1]‖ < ε1 for all x ∈ F1

and
Bott(ϕ ◦ ın,∞, u1) = α(β)|P .

Choosing a smaller ε1 and a larger F1, if necessary, we may assume that the class

〈((1− ϕ(pi)) + ϕ(pi)u1)((1− ϕ(qi)) + ϕ(qi)u∗1)〉 ∈ U(B)/CU(B)

is well defined for all 1 ≤ i ≤ k. Define a map Γ1 : G→ U0(B)/CU(B) by

Γ1(xi) = 〈((1− ϕ(pi)) + ϕ(pi)u1)(1− ϕ(qi)) + ϕ(qi)u∗1)〉, i = 1, 2, ..., k. (e 3.13)

Choosing a large enough n, without loss of generality, we may assume that there are projections
p′1, p

′
2, ..., p

′
k, q
′
1, q2,

′ ..., q′k ∈ Cn such that ın,∞(p′i) = pi and ın,∞(q′i) = qi, i = 1, 2, ..., k. Moreover,
we may assume that F1 ⊂ ın,∞(Cn). Let Γ2(xi) = Γ1(xi)

∗Γ(xi), i = 1, 2, ..., k. By (e 3.10),
Γ2(xi) ∈ U0(B)/CU(B). Hence Γ2 defines a map from G to U0(B)/CU(B). It follows by
Theorem 22.17 of [7] that is a unitary v ∈ U0(B) such that

‖[ϕ(x), v]‖ < ε/2 for all x ∈ F , (e 3.14)

Bott(ϕ ◦ ın,∞, v) = 0, and (e 3.15)

dist(〈((1− ϕ(pi)) + ϕ(pi)v)((1− ϕ(qi)) + ϕ(qi)v∗)〉,Γ2(xi)) < σ, (e 3.16)
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i = 1, 2, ..., k. Define u = u1v,

Xi = 〈((1− ϕ(pi)) + ϕ(pi)u1)((1− ϕ(qi)) + ϕ(qi)u∗1)〉, and (e 3.17)

Yi = 〈((1− ϕ(pi)) + ϕ(pi)v)((1− ϕ(qi)) + ϕ(qi)v∗)〉, (e 3.18)

i = 1, 2, ..., k. We then compute that

‖[ϕ(x), u]‖ < ε1 + ε/2 < ε for all x ∈ F , (e 3.19)

Bott(ϕ ◦ ın,∞, u) = Bott(ϕ ◦ ın,∞, u1) = α(β), and

dist(〈((1− ϕ(pi)) + ϕ(pi)u)((1− ϕ(qi)) + ϕ(qi)u∗)〉,Γ(xi))

≤ dist(XiYi,Γ1(xi)Yi) + dist(Γ1(xi)Yi,Γ(xi))

= dist(Xi,Γ1(xi)) + dist(Yi,Γ2(xi)) < 0 + σ, (by (e 3.16)),

for i = 1, 2, ..., k.

Remark 3.4. Lemma also holds if pi, qi ∈MN (A) for some given integer N. Then (e 3.12) may
be written as

dist(〈((1N − ϕ(pi)) + ϕ(pi)(u⊗ 1N ))((1− ϕ(qi)) + ϕ(qi)(u∗ ⊗ 1N ))〉,Γ(xi)) < σ. (e 3.20)

But in (e 3.20), ϕ(pi) := (ϕ ⊗ idMN
)(pi), i = 1, 2, .... Note also ϕ(pi) approximately commutes

with u⊗1N within in any previously prescribed small number, say η. By Theorem 4.6 of [8] (see
also Lemma 11.9 of [6]), there is zi ∈ U(B) such that

diag(zi, 1N−1) = 〈((1N − ϕ(pi)) + ϕ(pi)(u⊗ 1N ))((1− ϕ(qi)) + ϕ(qi)(u∗ ⊗ 1N ))〉.

In fact, by (e 3.12), we mean

dist(zi,Γ(xi)) < σ. (e 3.21)

By Theorem 4.6 of [8], zi is unique.

To see that we can allow pi, qi ∈ MN (A), suppose that U1 = Mp and U2 = Mq, where p
and q are supernatural numbers of infinite type. We identify K0(Mr) with the dense subgroup
Dr of Q given by the supernatural number r. Choose N1 ≥ N such that 1

N1
∈ Dp. There are

mutually orthogonal and mutually unitarily equivalent projections pi,1, ..., pi,N1 ∈ A ⊗ U1 such

that pi =
∑N1

j=1 pi,j , and mutually orthogonal and mutually unitarily equivalent projections

qi,1, ..., qi,N1 ∈ A ⊗ U1 such that qi =
∑N1

j=1 qi,j , i = 1, 2, ..., N1. Put x′i := [pi,1] − [qi,1], i =
1, 2, ..., k. Let G0 be generated by {x′1, x2,

′ ..., x′k}. Then G0 is also a free abelian group.
Let P1 = P ∪ G0. Choose larger n so that P1 ⊂ [ın,∞](K(Cn)). If Γ is given and fits

α as (e 3.10). Choose y1, y2, ..., yk ∈ K0(Cn) such that [jn,∞](yi) = x′i, i = 1, 2, ..., k. Let
zi = α◦β(yi). Then

∏cu
B (Γ(xi)sB(zi)

−N1) = 0 in K1(B) (see (e 2.2) for sB). It follows that fi :=
Γ(xi)sB(zi)

−N1 ∈ U0(B)/CU(B). Recall U0(B)/CU(B) = Aff(T (B))/ρB(K0(B)) is divisible.
Define Γ0 : G0 → U(B)/CU(B) by

Γ0(x′i) = ((1/N1)fi)sB(zi), i = 1, 2, ..., k. (e 3.22)

Then Γ0(xi) = N1Γ0(x′i) = Γ(xi), i = 1, 2, ..., k. Then we apply current Lemma 3.3. We apply
this for G0 instead of G, Γ0 instead of Γ and σ/2N1 instead of σ. We will have, among other
things,

dist(〈((1− ϕ(p′i)) + ϕ(p′i)u⊗ 1N ((1− ϕ(qi)) + ϕ(q′i)u
∗ ⊗ 1N 〉,Γ0(x′i)) < σ/2N1, (e 3.23)
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i=1,2,...,k. We also assume that ϕ(p′i)u ≈σ/(8N1)2 uϕ(p′i). One has

〈((1− ϕ(p′i)) + ϕ(p′i)u((1− ϕ(qi)) + ϕ(q′i)u
∗〉N1

(e 3.24)

= 〈((1N − ϕ(pi)) + ϕ(pi)(u⊗ 1N ))((1− ϕ(qi)) + ϕ(qi)(u∗ ⊗ 1N ))〉. (e 3.25)

It follows that, for i = 1, 2, ...., k,

dist(〈((1N − ϕ(pi)) + ϕ(pi)(u⊗ 1N ))((1− ϕ(qi)) + ϕ(qi)(u∗ ⊗ 1N ))〉,Γ(xi)) < σ.

Remark 3.5. Let A1 be a separable amenable simple C∗-algebra which satisfies the UCT.
Then A1 ⊗ U1 is Z-stable for any UHF-algebra U1. If U1 is a UHF-algebra of infinite type,
then A ∼= (A1 ⊗ U) ⊗ U1. By the classification theorem (see Corollary 29.10 and also Remark
29.11 of [7]) and Theorem 4.10 of [3], A1 ⊗ U1 can be written as A1 ⊗ U1 = limn→∞(Cn, ιn) as
described by 14.10 of [6], namely, Cn is a direct sum of a homogeneous C*-algebra in H and
a unital 1-dimensional NCCW complex (see notation in Section 14 of [6]). It follows that the
assumption that A1 is an inductive limit of the form in 14.10 of [6] can be replaced by A1 is a
separable finite amenable simple C∗-algebra satisfying the UCT.

The following is a slight improvement of Lemma 6.6 of [18] for the current purposes.

Lemma 3.6 (cf. Lemma 6.6 of [18]). Let C and A be two unital separable stably finite C∗-
algebras and let p, q be two relatively prime supernatural numbers of infinite type such that
Q = Mp ⊗Mq. Suppose that ϕr : C ⊗Mr → A⊗Mr are unital homomorphisms such that

[ϕp ⊗ idMq ] = [ϕq ⊗ idMp ] in KL(C ⊗Q,A⊗Q) and (ϕp ⊗ idMq)] = (ϕq ⊗ idMp)], (e 3.26)

r = p, q. Suppose that {U(t) : t ∈ [0, 1)} is a continuous and piecewise smooth path of unitaries
in A⊗Q such that U(0) = 1 and

lim
t→1

U∗(t)(ϕp ⊗ idMq)(u⊗ 1Q))U(t) = ϕq ⊗ idMp)(u⊗ 1Q) (e 3.27)

for some u ∈ U(C), and suppose {Z(t, s)}s is a continuous and piecewise smooth (piecewise
smooth with respect to s) path of unitaries in A⊗Zp,q (that is for each fixed s ∈ [0, 1], Z(−, s) ∈
A⊗Zp,q) such that Z(t, 1) = 1 and

Z(t, 0) = U∗(t)(ϕp ⊗ idMq)(u⊗ 1Mp))U(t)(w∗ ⊗ 1Q) if t ∈ [0, 1)

and Z(1, 0) = (ϕq ⊗ idMp)(u)(w∗ ⊗ 1Q) for some w ∈ U(A). Suppose also that there exist h ∈
Aff(T (A⊗Zp,q)), f0 ∈ ρA⊗Mp(K0(A⊗Mp)) and f1 ∈ ρA⊗Mq(K0(A⊗Mq)) such that

Det(Z)(τ ⊗ δj) = h(τ) + fj(τ) for all τ ∈ T (A⊗Q), j = 0, 1, (e 3.28)

where δt is the extremal tracial state of Zp,q which factors through the point-evaluation at t ∈
[0, 1].

Suppose also that there is a continuous and piecewise smooth path of unitaries {z(s) : s ∈
[0, 1]} in A⊗Mp ⊗ 1Mq such that z(0) = ((ϕp ⊗ idMq)(u⊗ 1Q)(w∗ ⊗ 1Q), z(1) = 1, and
fp ∈ ρA⊗Mp(K0(A⊗Mp)), and

1

2πi

∫ 1

0
τ(
dz(s)

ds
z(s)∗)ds = h(τ) + fp(τ) for all τ ∈ T (A⊗Q). (e 3.29)

Then, there is f ∈ ρA⊗Zp,q(K0(A⊗Zp,q)) such that

(
1

2πi

∫ 1

0
τ(
dZ(t, s)

ds
Z(t, s)∗)ds)(δt) = h(τ) + f(τ ⊗ δt) (e 3.30)

for all t ∈ [0, 1] and τ ∈ T (A).
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Proof. Put ϕ := ϕp ⊗ idMq and ψ := ϕq ⊗ idMp . Define

Z1(t, s) =


U∗(t− 2s)ϕ(u⊗ 1Q)U(t− 2s)(w∗ ⊗ 1Q) for s ∈ [0, t/2)

ϕ(u⊗ 1Q)(w∗ ⊗ 1Q) for s ∈ [t/2, 1/2)

z(2s− 1) for s ∈ [1/2, 1]

(e 3.31)

for t ∈ [0, 1) and define

Z1(1, s) =


ψ(u⊗ 1Q)(w∗ ⊗ 1Q) for s = 0

U∗(1− 2s)ϕ(u⊗ 1Q)U(1− 2s)(w∗ ⊗ 1Q) for s ∈ (0, 1/2)

z(2s− 1) for s ∈ [1/2, 1].

(e 3.32)

Thus {Z1(t, s) : s ∈ [0, 1]} ⊂ C([0, 1], A ⊗ Q) is a continuous path of unitaries such that
Z1(t, 0) = Z(t) and Z1(t, 1) = 1. This path may not be piecewise smooth (at s = 0). To
compute Det(Z1), we approximate it by a piecewise smooth path.

Let 1/2 > ε > 0. Choose δ ∈ (0, 1/8) such that

‖U∗(t)ϕ(u⊗ 1Q)U(t)(w∗ ⊗ 1Q)− ψ(u⊗ 1Q)(w∗ ⊗ 1Q)‖ < ε/64 for all t ∈ (1− δ, 1) (e 3.33)

and ‖U∗(t)ϕ(u⊗ 1Q)U(t)(w∗ ⊗ 1Q)− U∗(t′)ϕ(u⊗ 1Q)U(t′)(w∗ ⊗ 1Q)‖ < ε/64 (e 3.34)

whenever |t−t′| < 2δ. There is H ∈ (A⊗Q)s.a. such that U∗(1−δ)ϕ(u⊗ 1Q)U(1−δ)(w∗ ⊗ 1Q) =
exp(iH)ψ(u⊗ 1Q)(w∗ ⊗ 1Q) and ‖H‖ < ε/16. Define W (t) = U∗(t)ϕ(u⊗ 1Q)U(t)(w∗ ⊗ 1Q) if
t ∈ [0, 1 − δ) and W (t) = ψ(u⊗ 1Q)(w∗ ⊗ 1Q) exp(i(1−t

δ )H) if t ∈ [1 − δ, 1]. Note that W (t) is
a continuous and piecewise smooth path of unitaries in A ⊗ Q and it is a unitary in A ⊗ Zp,q.
Moreover

sup{‖W (t)− Z(t, 0)‖ : t ∈ [0, 1]} < ε/16. (e 3.35)

There is H0 ∈ (A⊗Zp,q)s,a such that Z(t, 0) = W exp(iH0) with ‖H0‖ < ε/16. In fact H0(t) = 0
if t ∈ [0, 1− δ] and H0(t) = −1−t

δ H if t ∈ (1− δ, 1].
Define

Zε(t, s) =


W (t) exp(i( δ−sδ )H0(t)) for s ∈ [0, δ),

W (t− ( s−δ
1/2−δ )) for s ∈ [δ, (1/2− δ)t+ δ)

ϕ(u⊗ 1Q)(w∗ ⊗ 1Q) for s ∈ [(1/2− δ)t+ δ, 1/2)

z(2s− 1) for s ∈ [1/2, 1]

(e 3.36)

for t ∈ [0, 1) and define

Zε(1, s) =


W (1) exp(i( δ−sδ )H0(1)) for s ∈ [0, δ]

W (1− ( s−δ
1/2−δ )) for s ∈ (δ, 1/2)

z(2s− 1) for s ∈ [1/2, 1].

(e 3.37)

Thus {Zε(t, s) : s ∈ [0, 1]} ⊂ C([0, 1], A ⊗ Q) is a continuous and piecewise smooth path of
unitaries such that Zε(t, 0) = Z(t) and Zε(t, 1) = 1. Moreover

‖Zε − Z1‖ < ε/8. (e 3.38)

Thus, there is an element g ∈ ρA⊗Q(K0(A⊗Q)) ⊂ Aff(T (A⊗Q) such that

g(τ ⊗ δt) =
1

2πi

∫ 1

0
τ(
dZ(t, s)

ds
Z(t, s)∗)ds− 1

2πi

∫ 1

0
τ(
dZ1(t, s)

ds
Z1(t, s)∗ds (e 3.39)
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for all τ ∈ T (A) and for all t ∈ [0, 1], where δt is the extremal tracial state of C([0, 1], Q) factors
through the point-evaluation at t.

On the other hand, let V (t) = U(t)∗ϕ(u⊗ 1Q)U(t) for t ∈ [0, 1) and V (1) = ψ(u⊗ 1Q). For
any s ∈ [0, 1), since U(0) = 1, {U(t)}0≤t≤s ∈ U0(C([0, s], A⊗Q)). There there are a1, a2, ..., ak ∈
U([0, s], A⊗Q)s.a. such that

U(t) =
k∏
j=1

exp(iaj(t)) for all t ∈ [0, s].

Then a straightforward calculation (see Lemma 4.2 of [13]) shows that, for each t ∈ [0, 1),

τ(
dV (t)

dt
V ∗(t)) = 0 for all τ ∈ T (A). (e 3.40)

It follows that, for any a ∈ [0, 1),

1

2πi

∫ a

0
τ(
dV (t)

dt
V ∗(t))dt = 0 for all τ ∈ T (A). (e 3.41)

Hence, for t ∈ [0, 1− δ), W (t) = V (t)(w∗ ⊗ 1Q) and

1

2πi

∫ δ+(1/2−δ)t

δ
τ(
dZε(t, s)

ds
Zε(t, s)

∗)ds (e 3.42)

=
1

2πi

∫ δ+(1/2−δ)t

δ
τ

(
d

ds
(W (t− (

s− δ
1/2− δ

)))W ∗(t− (
s− δ

1/2− δ
))

)
ds (e 3.43)

=
1

2πi

∫ δ+(1/2−δ)t

δ
τ

(
d

ds
(V (t− (

s− δ
1/2− δ

)))V ∗(t− (
s− δ

1/2− δ
))

)
ds = 0. (e 3.44)

If t ∈ [1− δ, 1], then, applying (e 3.41) again,

|
∫ δ+(1/2−δ)t

δ
τ(
dZε(t, s)

ds
Zε(t, s)

∗)ds|

= |(
∫ δ+(1/2−δ)(t−1+δ)

δ
+

∫ δ+(1/2−δ)t

δ+(1/2−δ)(t−1+δ)
)τ(

dZε(t, s)

ds
Zε(t, s)

∗)ds| (e 3.45)

= |(
∫ δ+(1/2−δ)(t−1+δ)

δ
τ(

i

(1/2− δ)δ
H)ds|+ 0 (e 3.46)

= | t− 1 + δ

δ
τ(H)| < ε/16 for all τ ∈ T (A⊗Q). (e 3.47)

Also

| 1

2πi

∫ 1/2

0
τ(
dZε(1, s)

ds
Zε(1, s)

∗)ds|

= | 1

2πi
(

∫ δ

0
+

∫ δ+δ(1/2−δ)

δ
+

∫ 1/2

δ+δ(1/2−δ)
τ(
dZε(1, s)

ds
Zε(1, s)

∗)ds| (e 3.48)

≤ 1

2π
(|τ(H0(1))|+ |τ(H)|+ 0) < ε/16π for all τ ∈ T (A). (e 3.49)

11



ac
ce
pt
ed
7-
28
-2
1,
J.
No
nc
om
m
. G
eo
m

One then computes that, for any τ ∈ T (A) and for any t ∈ [0, 1), by applying (e 3.47),

1

2πi

∫ 1

0
τ(
dZε(t, s)

ds
Zε(t, s)

∗)ds (e 3.50)

=
1

2πi
(

∫ δ

0
+

∫ δ+(1/2−δ)t

δ
+

∫ 1/2

δ+(1/2−δ)t
+

∫ 1

1/2
)τ(

dZε(t, s)

ds
Zε(t, s)

∗)ds (e 3.51)

≈ε/32π (
1

2πi
)(τ(iH0(t)) +

∫ 1/2

δ+(1/2−δ)t
τ(
dZε(t, s)

ds
Zε(t, s)

∗)ds+

∫ 1

1/2
τ(
dz(2s− 1)

ds
z(2s− 1)∗)ds)

=
1

2π
τ(H0(t)) + 0 +

1

2πi

∫ 1

1/2
τ(
dz(2s− 1)

ds
z(2s− 1)∗)ds

=
1

2π
τ(H0(t)) +

1

2πi

∫ 1

0
τ(
dz(s)

ds
z(s)∗)ds ≈ε/32π h(τ) + fp(τ). (e 3.52)

It then follows from (e 3.49) and (e 3.29) that

1

2πi

∫ 1

0
τ(
dZε(1, s)

ds
Zε(1, s)

∗ds (e 3.53)

=
1

2πi
[

∫ 1/2

0
τ(
dZε(1, s)

ds
Zε(1, s)

∗ds+

∫ 1

1/2
τ(
dz(2s− 1)

ds
z(2s− 1)∗)ds]

≈ε/16π
1

2πi

∫ 1

0
τ(
dz(s)

ds
z(s)∗)ds = h(τ) + fp(τ). (e 3.54)

Note, if Z2(t, s) is any continuous and piecewise smooth of unitaries in C([0, 1], A⊗Q) with
Z2(t, 0) = Z1(t, 0) and Z2(t, 1) = Z1(t, 1) =1 as well as

‖Z2 − Z1‖ < ε, (e 3.55)

then Z2Z
∗
ε is a trivial loop and Det(Z2)(τ ⊗ δt) = Det(Zε)(τ ⊗ δt).

It follows that

1

2πi

∫ t

0
τ(
dZ2(t, s)

ds
Z2(t, s)∗)ds = h(τ) + fp(τ) for all τ ∈ T (A⊗Q). (e 3.56)

Thus, there is an element g ∈ ρA⊗Q(K0(A⊗Q)) ⊂ Aff(T (A⊗Q), such that

g(τ ⊗ δt) =
1

2πi

∫ 1

0
τ(
dZ(t, s)

ds
Z(t, s)∗)ds− 1

2πi

∫ 1

0
τ(
dZ2(t, s)

ds
Z2(t, s)∗ds (e 3.57)

for all τ ∈ T (A) an for all t ∈ [0, 1]. Thus, for any t ∈ [0, 1],

1

2π
√
−1

∫ 1

0
τ(
dZ(t, s)

ds
Z(t, s)∗)ds = h(τ) + fp(τ) + g(τ ⊗ δt). (e 3.58)

Put f(τ⊗δt) := fp(τ)+g(τ⊗δt) ∈ ρC([0,1],A⊗Q(K0(C([0, 1], A⊗Q))). Then, for fixed τ ∈ T (A⊗Q),
f is contant on [0, 1]. By (e 3.28),

f(τ ⊗ δi) = fi(τ) for all τ ∈ T (A⊗Q), i = 0, 1. (e 3.59)

Recall f0 ∈ ρA⊗Mq(K0(A⊗Mq) and f1 ∈ ρA⊗Mq(K0(A⊗Mq)). It follows that f ∈ ρA⊗Zp,q(K0(A⊗
Zp,q). Lemma follows.
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4 Approximate unitary equivalence

Lemma 4.1 (cf. Lemma 5.1 of [18]). Let C0 and A1 be unital separable simple C∗-algebras
and let C = C0 ⊗ U1 and A = A1 ⊗ U2, where U1 and U2 are UHF-algebras of infinite type.
Suppose that C satisfies the UCT and gTR(A1) ≤ 1. Suppose further that C = limn→∞(Cn, ιn)
as describe 14.10 of [7]. If there are monomorphisms ϕ,ψ : C → A such that

[ϕ] = [ψ] in KL(C,A), ϕ] = ψ], and ϕ‡ = ψ‡,

then, for any 2 > ε > 0, any finite subset F ⊆ C, any finite subset of unitaries P ⊂ U(C), there
exist a finite subset G ⊂ K1(C) with P ⊆ G (where P is the image of P in K1(C)) and δ > 0
such that, for any map η : G(G)→ Aff(T(A)) (where G(G) is the subgroup generated by G) with
|η(x)(τ)| < δ for all τ ∈ T(A) and η(x)−Rϕ,ψ(x) ∈ ρA(K0(A)) for all x ∈ G, there is a unitary
u ∈ A such that

‖ϕ(f)− u∗ψ(f)u‖ < ε for all f ∈ F ,

and

τ(
1

2πi
log((ϕ⊗ idMn(x∗))(u⊗ 1Mn)∗(ψ ⊗ idMn(x))(u⊗ 1Mn))) = τ(η([x]))

for all x ∈ P and for all τ ∈ T(A).

Proof. Without loss of generality, one may assume that any element in F has norm at most one.
Let ε > 0. Choose θ with ε > θ > 0 and a finite subset F ⊂ F0 ⊂ C satisfying the following:
For all x ∈ P, τ( 1

2πi log(ψ(x∗)w∗ψ(x)w) is well defined and

τ(
1

2πi
log(ψ(x∗)w∗ψ(x)w) = τ(bott1(w,ψ(x))) for all τ ∈ T (B),

whenever w ∈ U(B) and

‖wψ(f)− ψ(f)w‖ < θ for all f ∈ F0

(see the Exel formula in [9]), and for any unitaries z1, z2 in any unital C∗-algebra D, which
satisfy

‖z1 − 1‖ < θ and ‖z2 − 1‖ < θ,

then

τ(
1

2πi
log(z1z2)) = τ(

1

2πi
log(z1)) + τ(

1

2πi
log(z2)) for all τ ∈ T (D)

(see Lemma 6.1 of [12]).
Let n0 ≥ 1 (in place of n), δ′ > 0 (in the place of δ) and G′ ⊆ K1(Cn0) (in the place of Q)

the constant and the finite subset with respect to C (in the place of A), F0 (in the place of F),
P (in the place of P), ψ (in the place of ϕ), and k = 1, p1 = 1, q1 = 0, and σ = 1, required by
Lemma 3.3. Put δ = δ′/2.

Fix a decomposition (ιn0,∞)∗1(K1(Cn0)) = Zk⊕Tor((ιn0,∞)∗1(Cn0)) (for some integer k ≥ 0).
Let G′′ ⊂ U(C) (recall that, by Theorem 9.7 of [6], C has stable rank one) be a finite subset
containing a representative for each generators of Zk. Without loss of generality, one may assume
that P ⊆ G′′. By Theorem 12.11(a) of [6], the maps ϕ and ψ are approximately unitary
equivalent. Hence, for any finite subset Q and any δ1, there is a unitary v ∈ A such that

‖ϕ(f)− v∗ψ(f)v‖ < δ1, ∀f ∈ Q.

By choosing Q ⊇ F0 sufficiently large and δ1 < θ/2 sufficiently small, the map

[x] 7→ τ(
1

2πi
log(ϕ∗(x)v∗ψ(x)v)), x ∈ G′′

13
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induces a homomorphism η1 : (ιn0,∞)∗1(K1(Cn0))→ Aff(T(A)) (note that η1(Tor((ιn0,∞)∗1(K1(Cn0)))) =
{0}), and moreover, ‖η1(x)‖ < δ for all x ∈ G.

By Lemma 3.8 of [18], the image of η1 − Rϕ,ψ is in ρ(K0(A)). Since η(x) − Rϕ,ψ(x) ∈
ρA(K0(A)) for all x ∈ G, the image (η − η1)((ιn0,∞)∗1(K1(C ′))) is also in ρA(K0(A)). Since
η − η1 factors through Zk, there is a homomorphism h : (ιn0,∞)∗1(K1(Cn0)) → K0(A) (which
maps Tor((ιn0,∞)∗1(K1(Cn0))) to zero) such that η − η1 = ρA ◦ h. Note that |τ(h(x))| < 2δ = δ′

for all τ ∈ T(A) and x ∈ G.
By the universal multi-coefficient theorem (see [2]), there is

κ ∈ HomΛ(K(Cn0 ⊗ C(T)),K(A)) such that κ ◦ β|K1(Cn0 ) = h ◦ (ι)∗1.

Applying Lemma 3.3, there is a unitary w such that

‖[w,ψ(f)]‖ < θ/2, ∀f ∈ F0,

and Bott(w,ψ ◦ ι) = κ. In particular, bott1(w,ψ)(x) = h(x) for all x ∈ P.
Set u = wv. One then has

‖ϕ(f)− u∗ψ(f)u‖ < θ, ∀f ∈ F0,

and for any x ∈ P and any τ ∈ T(A),

τ(
1

2πi
log(ϕ(x∗)u∗ψ(x)u))

= τ(
1

2πi
log(ϕ(x)v∗w∗ψ(z)wv))

= τ(
1

2πi
log(ϕ(x∗)v∗ψ(x)vv∗ψ(x∗)w∗ψ(x)wv)

= τ(
1

2πi
log(ϕ(x∗)v∗ψ(x)v) + τ(

1

2πi
log(ψ(x∗)w∗ψ(x)w)

= η1([x])(τ) + h([x])(τ) = η([x])(τ).

The proof of the following lemma is long and is taken from the proof of Lemma 5.6 of [18].
The only modification has been outlined in Remark 5.7 of [18]. Since the statements in section
3 are slightly different from what were used in the proof of Lemma 5.6 of [18], we provide a full
proof for the convenience of the reader.

Lemma 4.2 (cf. Lemma 5.6 of [18]). Let A be a unital finite separable simple amenable C∗-
algebra which satisfies the UCT, and let B be a separable simple C∗-algebra. Suppose that
gTR(A⊗Q) ≤ 1 and gTR(B ⊗Q) ≤ 1.

Suppose that there are two unital monomorphisms ϕ,ψ : A→ B with

[ϕ] = [ψ] in KL(A,B), ϕ] = ψ] and ϕ‡ = ψ‡.

Let p and q be a pair of relatively prime supernatural numbers of infinite type with Mp⊗Mq = Q.
Then, for any finite subset F ⊆ A⊗ Zp,q, there exists a unitray u ∈ B ⊗Zp,q such that

‖(ϕ⊗ 1Zp,q)(x)− u∗((ψ ⊗ 1Zp,q)(x))u‖ < ε for all x ∈ F .

14
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Proof. Let r be a supernatural number. Denote by ır : A → A⊗Mr the embedding defined by
ır(a) = a⊗ 1 for all a ∈ A. Denote by jr : B → B ⊗Mr the embedding defined by jr(b) = b⊗ 1
for all b ∈ B. Without loss of generality, one may assume that

F = F1 ⊗F2 := {x⊗ y : x ∈ F1, y ∈ F2},

where F1 ⊆ A and F2 ⊆ Zp,q are finite subsets and 1A ∈ F1 and 1Zp,q ∈ F2. Moreover, one may
assume that any element in F1 or F2 has norm at most one.

We will also write Dr = K0(Mr) which is identified with a dense subgroup of Q.
Let 0 = t0 < t1 < · · · < tm = 1 be a partition of [0, 1] such that

‖b(t)− b(ti)‖ < ε/4, ∀b ∈ F2, ∀t ∈ [ti−1, ti], i = 1, ...,m. (e 4.1)

Consider

E = {a⊗ b(ti); a ∈ F1, b ∈ F2, i = 0, ...,m} ⊆ A⊗Q,
Ep = {a⊗ b(t0); a ∈ F1, b ∈ F2} ⊆ A⊗Mp ⊂ A⊗Q and (e 4.2)

Eq = {a⊗ b(tm); a ∈ F1, b ∈ F2} ⊆ A⊗Mq ⊂ A⊗Q. (e 4.3)

By [20], gTR(A⊗Mr) ≤ 1 for any (infinite) supernatural number r. By Theorem 21.9 of [7],
we may write A⊗Q = limn→∞(Cn, Jn) as described in Theorem 14.10 of [6]. In particular, each
Cn is isomorphic to a direct sum of a homogeneous C*-algebra in H and an Elliott-Thomsen
algebra with trivial K1-group, and Jn is unital and injective.

Let H ⊂ A ⊗ Q (in place of G), P ⊆ K(A ⊗ Q), Q = {x1, x2, ..., xm} ⊂ K0(A ⊗ Q) which
generates a free abelian subgroup of K0(A⊗Q), where we may assume that xi = [pi]− [qi] and
pi, qi ∈ A ⊗ Q are projections, δ > 0 and γ > 0 be the constants of Theorem 3.1 and Remark
3.2 (so condition (e 3.4) is not needed in Lemma 3.1) with respect to E (in place of F) and ε/8
(in place of ε). We may assume Q ⊂ P and δ < ε/4.

Let Gou,∞⊆ K0(A⊗Q) be the subgroup generated by Q.
Note that we may assume that P ⊂ [Jn0,∞](K(Cn0)) for some n0 and

E , Ep, Eq ⊆ H. (e 4.4)

Denote by ∞ the supernatural number associated with Q. Let Pi = P ∩Ki(A⊗Q), i = 0, 1.
There is a finitely generated free subgroup G(P)i,0 ⊂ Ki(A) such that if one sets

G(P)i,∞,0 = G({gr : g ∈ (ı∞)∗i(G(P)i,0) and r ∈ D0}), (e 4.5)

where D0 ⊂ Q (1 ∈ D0) is a finite subset, then G(P)i,∞,0 contains the subgroup generated by
Pi, i = 0, 1. Moreover, we may assume that, if r = k/m, where k and m are nonzero integers,
and r ∈ D0, then 1/m ∈ D0. Let P ′i ⊂ Ki(A) be a finite subset which generates G(P)i,0, i = 0, 1.
Also denote by P ′ = P ′0 ∪ P ′1.

Write the subgroup generated by the image of Q in K0(A⊗Q) as Zk (for some integer k ≥ 1).
Choose {x′1, ..., x′k} ⊆ K0(A) and {rij ; 1 ≤ i ≤ m, 1 ≤ j ≤ k} ⊆ Q such that

xi =
k∑
j=1

rij(j∞)∗0(x′j), 1 ≤ i ≤ m, 1 ≤ j ≤ k,

and moreover, {x′1, ..., x′k} generates a free abelian subgroup Gou of K0(A) of rank k. Choose
projections p′j , q

′
j ∈ MN (A) (for some integer N ≥ 1) such that x′j = [p′j ] − [q′j ], 1 ≤ j ≤ k.

Choose an integer M such that Mrij are integers for 1 ≤ i ≤ m and 1 ≤ j ≤ k. In particular
Mxi is the linear combination of (j∞)∗0(x′j) with integer coefficients.
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Let p̄i be an orthogonal direct sum of Mri,j copies of j∞(p′j) in MN1(A⊗Q) for some integer
N1 ≥ 1. One can find M mutually orthogonal and mutually equivalent projections e1,i, ..., eM,i

such that
∑M

l=1 e1,i = p̄i. Since pi ∈ A⊗Q, by replacing p′j by a unitarily equivalent projection,
we may assume that e1,i = pi. In other words, we make the arrangement so that p̄i is the direct
sum of M copies of pi.

Also noting that the subgroup of K0(A⊗Q) generated by

{(ı∞)∗0(x′1), ..., (ı∞)∗0(x′k)}

is isomorphic to Zk and the subgroup of K0(A⊗Mr) generated by

{(ır)∗0(x′1), ..., (ır)∗0(x′k)}

has to be isomorphic to Zk, where r = p, q. We assume that x′j ∈ P ′0, j = 1, 2, ..., k.
Since gTR(A⊗Mr) ≤ 1, by Theorem 21.9 of [6], one may write A⊗Mr = limn→∞(Cr

n, J
r
n)

as described in 14.10 of [6]. In particular, each J r
n : Cr

n → Cr
n+1 is a unital embedding. We may

assume that, for sufficiently large n′r, Er ⊆ J r
n′r,∞(Cr

n′r
) and there are projections

{p′′1,r, ..., p′′k,r, q′′1,r, ..., q′′k,r} ⊆MN (Cr
n′r

)

such that for any 1 ≤ j ≤ k, with p′j,r = J r
n′r,∞(p′′j,r) and q′j,r = J r

n′r,∞(q′′j,r),

‖p′j ⊗ 1Mr − p′j,r‖ < γ/2N(64(1 +
∑
i,j′

|Mrij′ |)) < 1 (e 4.6)

and
‖q′j ⊗ 1Mr − q′j,r‖ < γ/2N(64(1 +

∑
i,j′

|Mrij′ |)) < 1, (e 4.7)

and r = p or r = q.
Denote by x′j,r = [p′j,r]−[q′j,r] and x′′j,r = [p′′j,r]−[q′′j,r], 1 ≤ j ≤ k, and denote by Gr the subgroup

of K0(Cr
n′r

) generated by {x′′1,r, ..., x′′k,r}, and write Gr = Zr ⊕ Tor(Gr). Since Gr is generated by
k elements, one has that r ≤ k and r = k if and only if Gr is torsion free. Note that the image of
Gr in K0(A⊗Mr) is the group generated by {[p′1⊗ 1Mr ]− [q′1⊗ 1Mr ], ..., [p

′
k ⊗ 1Mr ]− [q′k ⊗ 1Mr ]},

which is isomorphic to Zk {[p′j ⊗ 1Mr ] − [q′j ⊗ 1Mr ]; 1 ≤ j ≤ k} as the standard generators).
Hence Gr is torsion free and r = k.

Without loss of generality, one may assume that ır(P ′) ⊆ [J r
n′r,∞](K(Cr

n′r
)).

Assume thatH is sufficiently large and δ is sufficiently small such that for any homomorphism
h from A⊗Q to B⊗Q and any unitary zj (j = 1, 2, 3, 4), if ‖[h(x), zj ]‖ < δ for any x ∈ H, then
the map Bott(h, zj) and Bott(h,wj) are well defined on the subgroup generated by P and

Bott(h,wj) = Bott(h, z1) + · · ·+ Bott(h, zj)

on the subgroup generated by P, where wj = z1 · · · zj , j = 1, 2, 3, 4.
By choosing larger H and smaller δ, one may also assume that

‖h(pi), zj ]‖ < 1/16 and ‖h(qi), zj ]‖ < 1/16, 1 ≤ i ≤ m, j = 1, 2, 3, 4, (e 4.8)

and, for any 1 ≤ i ≤ m,

dist(ζ̃Mi,z1 ,

k∏
j=1

(ζ ′j,z1)Mrij ) < γ/64N, (e 4.9)
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where (with 1 := 1A⊗Q)

ζi,z1 = 〈(1− h(pi) + h(pi)z1)(1− h(qi) + h(qi))z∗1)〉,
ζ̃i,z1 = 〈(1− h(pi) + h(pi)z1)(1− h(qi) + h(qi)z∗1)⊕ 1N−1〉, (e 4.10)

and (with 1 := 1(A⊗Q))

ζ ′j,z1 = 〈(1N − h(p′j ⊗ 1A⊗Q) + h(p′j ⊗ 1A⊗Q)z
(N)
1 )(1N − h(q′j ⊗ 1A⊗Q) + h(q′j ⊗ 1A⊗Q)z

(N)
1

∗
)〉,

where z
(N)
1 = z1 ⊗ 1N .

By choosing even smaller δ, without loss of generality, we may assume that

H = H0 ⊗Hp ⊗Hq,

where H0 ⊂ A, Hp ⊂Mp and Hq ⊂Mq are finite subsets, and 1 ∈ H0, 1 ∈ Hp and 1 ∈ Hq.
Moreover, choose H0, Hp and Hq even larger and δ even smaller so that for any homo-

morphism hr : A ⊗Mr → B ⊗Mr and unitaries z1, z2 ∈ B ⊗Mr with ‖hr(x), zi‖ < δ for any
x ∈ H0 ⊗Hr, one has

‖hr(p′i,r), zj ]‖ < 1/16 and ‖hr(q′i,r), zj ]‖ < 1/16, 1 ≤ i ≤ k, j = 1, 2, (e 4.11)

and

dist(ζi,z1z2 , (1B⊗Mr)N ) < dist(ζi,z∗1 , ζi,z2) + γ/(64N(1 +
∑
i′,j

|Mri′j |)), (e 4.12)

where
ζi,z′ = 〈(1N − hr(p′i,r) + hr(p′i,r)z

′)(1N − hr(q′i,r) + hr(q′i,r)(z
′)∗)〉,

and
z′ = z1z2 ⊗ 1N , z

∗
1 ⊗ 1N , z2 ⊗ 1N .

Let n (we assume n ≥ n0), δ2 (in the place of δ) the constant, G ⊆ K1(Cn) (in the place of
Q) the finite subset in Theorem 3.3 with respect to A ⊗ Q (in the place of A), B ⊗ Q (in the
place of A), ϕ ⊗ idQ (in the place of h), δ/4 (in the place of ε), H (in the place of F), P and
[ı∞](Gou) (in place of G). Without loss of generality, we may write that n = n0.

Let H′ ⊆ A ⊗ Q be a finite subset and assume that δ2 is small enough such that for any
homomorphism h from A⊗Q to B ⊗Q and any unitary zj (j = 1, 2, 3, 4), the map Bott(h, zj)
and Bott(h,wj) is well defined on the subgroup [Jn0,∞](K(Cn0)) and

Bott(h,wj) = Bott(h, z1) + · · ·+ Bott(h, zj)

on the subgroup [Jn0,∞](K(Cn0)), if ‖[h(x), zj ]‖ < δ2 for any x ∈ H′, where wj = z1 · · · zj ,
j = 1, 2, 3, 4. Furthermore, as above, one may assume, without loss of generality, that

H′ = H0′ ⊗Hp′ ⊗Hq′ ,

where H0 ⊆ H0′ ⊂ A, Hp ⊆ Hp′ ∈Mq and Hq ⊆ Hq′ ⊂Mq are finite subsets.
Let δ′2 > 0 be a constant such that for any unitary with ‖u−1‖ < δ′2, one has that ‖ log u‖ <

δ2/4. Without loss of generality, one may assume that δ′2 < δ2/16 < ε/16 and δ′2 < δ.
Let nr ∈ N (in place of n), Rr ⊂ K1(Cr

nr
)) (in the place of Q) and δr (in the place of δ) be the

finite subset and constant of Theorem 3.3 with respect to A⊗Mr (in the place of A), B⊗Mr (in
the place of B), ϕ⊗ idMr (in the place of h), H0′ ⊗Hr′ (in place of F) and (ır)∗0(P ′0)∪ (ır)∗1(P ′1)
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(in the place of P) and δ′2/8 (in place of ε), [ır](G
o
u) (in place of G), and p′j,r, q

′
j,r (in place of

pj , qj—see also Remark 3.4), r = p or r = q. Let R(i)
r = (ιr)∗i(Jnr,∞(Ki(C

r
nr

))), i = 0, 1. There
is a finitely generated subgroup Gi,0,r ⊂ Ki(A) and a finitely generated subgroup D0,r ⊆ Dr so
that

G′i,0,r := G({gr : g ∈ (ır)∗i(Gi,0,r) and r ∈ D0,r})

contains the subgroup R(i)
r , i = 0, 1. Without loss of generality, one may assume that D0,p =

{ k
mp

; k ∈ Z} and D0,q = { k
mq

; k ∈ Z} for an integer mp divides p and an integer mq divides q,

and n′r = nr. It follows that

[ır](x
′
j) ⊂ [ır](Pi) ⊂ R(i)

r , j = 1, 2, ..., k. (e 4.13)

In what follows, we also use ϕQ and ψQ for ϕ⊗ idQ and ψ ⊗ idQ, respectively. Moreover, if
r is a supernatural number, we also use ϕr and ψr for ϕ⊗ idMr and ψ ⊗ idMr , respectively. Let
R ⊂ K(A⊗Q) be a finite subset which generates a subgroup containing

1

mpmq
((ıp,∞)∗(G

′
0,0,p ∪G′1,0,p) ∪ (ıq,∞)∗(G

′
0,0,q ∪G′1,0,q))

in K(A ⊗ Q), where ır,∞ is the canonical embedding A ⊗Mr → A ⊗ Q, r = p, q. Without loss
of generality, we may also assume that R ⊇ (Jn0,∞)∗1(G).

Let Hr ⊂ A ⊗Mr be a finite subset and δ3 > 0 such that for any homomorphism h from
A ⊗Mr to B ⊗Mr (r = p or r = q) any unitary zj (j = 1, 2, 3, 4), the map Bott(h, zj) and
Bott(h,wj) are well defined on the subgroup [J r

nr,∞](K(Cr
nr

)) and

Bott(h,wj) = Bott(h, z1) + · · ·+ Bott(h, zj)

on the subgroup generated by [J r
nr,∞](K(Cr

nr
)), if ‖[h(x), zj ]‖ < δ3 for any x ∈ Hr, where

wj = z1 · · · zj , j = 1, 2, 3, 4. Without loss of generality, we assume that H0 ⊗ Hp ⊂ Hp and
H0 ⊗Hq ⊂ Hq. Furthermore, we may also assume that

Hr = H0,0 ⊗H0,r (e 4.14)

for some finite subsets H0,0 and H0,r with H0′ ⊂ H0,0 ⊂ A, Hp′ ⊂ H0,p ⊂ Mp and Hq′ ⊂ H0,q.
In addition, we may also assume that δ3 < δ2/2.

Furthermore, one may assume that δ3 is sufficiently small such that, for any unitaries z1, z2, z3

in a C*-algebra with tracial states, τ( 1
2πi log(ziz

∗
j )) (i, j = 1, 2, 3) is well defined and

τ(
1

2πi
log(z1z

∗
2)) = τ(

1

2πi
log(z1z

∗
3)) + τ(

1

2πi
log(z3z

∗
2))

for any tracial state τ , whenever ‖z1 − z3‖ < δ3 and ‖z2 − z3‖ < δ3.
To simplify notation, we also assume that, for any unitary zj , (j = 1, 2, 3, 4) the map

Bott(h, zj) and Bott(h,wj) are well defined on the subgroup generated by R and

Bott(h,wj) = Bott(h, z1) + · · ·+ Bott(h, zj)

on the subgroup generated by R, if ‖[h(x), zj ]‖ < δ3 for any x ∈ H′′, where wj = z1 · · · zj ,
j = 1, 2, ..., 4, and assume that

H′′ = H0,0 ⊗H0,p ⊗H0,q.
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Let Ri = R∩Ki(A⊗Q). There is a finitely generated subgroup Gi,0 of Ki(A) and there is
a finite subset D′0 ⊂ Q such that

Gi,∞ := G({gr : g ∈ (ı∞)∗i(Gi,0)) and r ∈ D′0})

contains the subgroup generated by Ri, i = 0, 1. Without loss of generality, we may assume
that Gi,∞ is the subgroup generated by Ri. Note that we may also assume that Gi,0 ⊃ G(P)i,0
and 1 ∈ D′0 ⊃ D0. Moreover, we may assume that, if r = k/m, where m, k are relatively prime
non-zero integers, and r ∈ D′0, then 1/m ∈ D′0. We may also assume that Gi,0,r ⊆ Gi,0 for
r = p, q and i = 0, 1. Let Ri′ ⊂ Ki(A) be a finite subset which generates Gi,0, i = 0, 1. Choose a

finite subset U ⊂ Un1(A) for some n1 such that for any element of R1′, there is a representative
in U . Let S be a finite subset of A such that if (zi,j) ∈ U , then zi,j ∈ S.

Denote by δ4 and Qr ⊂ K1(A⊗Mr) ∼= K1(A)⊗Dr the constant and finite subset of Lemma
4.1 corresponding to Er ∪ Hr ⊗ 1 ∪ ır(S) (in the place of F), ır(U) (in the place of P) and
1
n2

1
min{δ′2/8, δ3/4} (in the place of ε) (r = p or r = q). We may assume that Qr = {x ⊗ r :

x ∈ Q′ and r ∈ D′′r }, where Q′ ⊂ K1(A) is a finite subset and D′′r ⊂ Qr is also a finite subset.
Let K = max{|r| : r ∈ D′′p ∪ D′′q}. Since [ϕ] = [ψ] in KL(A,B), ϕ] = ψ] and ϕ‡ = ψ‡,

by Lemma 3.5 of [18], Rϕ,ψ(K1(A)) ⊆ ρB(K0(B)) ⊂ Aff(T(B)). Therefore, there is a map

η : G(Q′)→ ρB(K0(B)) ⊂ Aff(T(B)) such that

(η −Rϕ,ψ)([z]) ∈ ρB(K0(B)) and ‖η(z)‖ < δ4

1 +K
for all z ∈ Q′. (e 4.15)

Consider the map ϕr = ϕ ⊗ idMr and ψr = ψ ⊗ idMr (r = p or r = q). Since η vanishes on
the torsion part of G(Q′), there is a homomorphism

ηr : G((ır)∗1(Q′))→ ρB⊗Mr(K0(B ⊗Mr)) ⊂ Aff(T (B ⊗Mr))

such that

ηr ◦ (ır)∗1 = η. (e 4.16)

Since ρB⊗Mr(K0(B ⊗Mr)) = RρB(K0(B)) is divisible, one can extend ηr so it is defined on
K1(A)⊗Qr. We will continue to use ηr for the extension. It follows from (e 4.15) that ηr(z)−
Rϕr,ψr(z) ∈ ρB⊗Mr(K0(B ⊗Mr)) and ‖ηr(z)‖ < δ4 for all z ∈ Qr. By Lemma 4.1, there exists a
unitary up ∈ B ⊗Mp such that

‖u∗p(ϕ⊗ idMp)(c)up − (ψ ⊗ idMp)(c)‖ < 1

n2
1

min{δ′2/8, δ3/4} (e 4.17)

for all c ∈ Ep ∪Hp ∪ ıp(S), and

τ(
1

2πi
log(u∗p(ϕ⊗ idp)(z)up(ψ ⊗ idp)(z

∗))) = ηp([z])(τ)

for all z ∈ ıp(U), where we also use ϕ and ψ for ϕ⊗ idMN
and ψ⊗ idMN

, and up with up⊗ 1MN
,

respectively. Note that

‖u∗p(ϕ⊗ idMp)(z)up − (ψ ⊗ idMp)(z)‖ < δ3 for any z ∈ U .

The same argument shows that there is a unitary uq ∈ B ⊗Mq such that

‖u∗q(ϕ⊗ idMq)(c)uq − (ψ ⊗ idMq)(c)‖ <
1

n2
1

min{δ′2/8, δ3/4} (e 4.18)
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for all c ∈ Eq ∪Hq∪ıp(S), and (recall ϕr = ϕ⊗ idMr and ψr = ψ ⊗ idMr)

τ(
1

2πi
log(u∗q(ϕq)(z)uq(ψq)(z

∗))) = ηq([z])(τ)

for all z ∈ ıq(U), where we identify ϕ and ψ with ϕ⊗ idMn and ψ⊗ idMn , and uq with uq⊗ 1Mn ,
respectively. We will also identify up with up ⊗ 1Mq and uq with uq ⊗ 1Mp respectively. Then
upu

∗
q ∈ A⊗Q and one estimates that for any c ∈ H00 ⊗H0,p ⊗Hq,

‖uqu∗p(ϕQ(c))upu
∗
q − (ϕQ)(c)‖ < δ3, (e 4.19)

and hence Bott(ϕQ, upu
∗
q)(z) is well defined on the subgroup generated by R. Moreover, for any

z ∈ U , by the Exel formula (see [9]) and applying (e 4.16),

τ(bott1(ϕQ, upu
∗
q)((ı∞)∗1([z]))) (e 4.20)

= τ(bott1(ϕQ, upu
∗
q)(ı∞(z))) (e 4.21)

= τ(
1

2πi
log(upu

∗
q(ϕQ)(ı∞(z)))uqu

∗
p(ϕQ)(ı∞(z))∗) (e 4.22)

= τ(
1

2πi
log(u∗q(ϕQ)(ı∞(z))))uq(ψQ)(ı∞(z∗)))) (e 4.23)

−τ(
1

2πi
log(u∗p(ϕQ)(ı∞(z))up(ψQ)(ı∞(z∗)))) (e 4.24)

= ηq((ıq)∗1([z]))(τ)− ηp((ıp)∗1([z]))(τ) (e 4.25)

= η([z])(τ)− η([z])(τ) = 0 for all τ ∈ T (B), (e 4.26)

where we also use ϕQ and ψQ for ϕQ ⊗ idMn and ψQ ⊗ idMn , and up and uq with up ⊗ 1Mn and
uq with uq ⊗ 1Mn , respectively.

Now suppose that g ∈ G1,∞. Then g = (k/m)(ı∞)∗1([z]) for some z ∈ U , where k,m are
non-zero integers. It follows that

τ(bott1(ϕQ, upu
∗
q)(mg)) = kτ(bott1(ϕQ, upu

∗
q)(([z])) = 0 (e 4.27)

for all τ ∈ T (B). Since Aff(T (B)) is torsion free, it follows that

τ(bott1(ϕQ, upu
∗
q)(g)) = 0 (e 4.28)

for all g ∈ G1,∞ and τ ∈ T (B). Therefore, the image of R1 under bott1(ϕQ, upu
∗
q) is in ker ρB⊗Q.

One may write
G1,0 = Zr ⊕ Z/p1Z⊕ · · · ⊕ Z/psZ,

where r is a non-negative integer and p1, ..., ps are powers of primes numbers. Since p and q are
relatively prime, one then has the decomposition

G1,0 = Zr ⊕ Torp(G1,0)⊕ Torq(G1,0) ⊆ K1(A),

where Torp(G1,0) consists of the torsion-elements with their orders divide p and Torq(G1,0)
consists of the torsion-elements with their orders divide q. Fix this decomposition.

Note that the restriction of (ıp)∗1 to Zr ⊕ Torq(G1,0) is injective and the restriction to
Torp(G1,0) is zero, and the restriction of (ıq)∗1 to Zr ⊕Torp(G1,0) is injective and the restriction
to Torq(G1,0) is zero.

Moreover, using the assumption that p and q are relatively prime again, for any element
k ∈ (ıq)∗1(Zr ⊕ Torp(G1,0)) and any nonzero integer q which divides q, the element k/q is well
defined in K1(A⊗Mq); that is, there is a unique element s ∈ K1(A⊗Mq) such that qs = k.
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Denote by e1, ..., er the standard generators of Zr. It is also clear that

(ı∞)∗1(Torp(G1,0)) = (ı∞)∗1(Torq(G1,0)) = 0.

Recall that D0,p = {k/mp; k ∈ Z} ⊂ Dp and D0,q = {k/mq; k ∈ Z} ⊂ Dq for an integer mp

dividing p and an integer mq dividing q. Put m∞ = mpmq.
Consider 1

m∞
Zr ⊆ K1(A⊗Q), and for each ei, 1 ≤ i ≤ r, consider

1

m∞
bott1(ϕ⊗ idQ, upu

∗
q)((ı∞)∗1(ei)) ∈ ker ρB⊗Q.

Note ker ρB⊗Q ∼= (ker ρB) ⊗ Q, ker ρB⊗Mp
∼= (ker ρB) ⊗ Dp, and ker ρB⊗Mq

∼= (ker ρB) ⊗ Dq.
Since ker ρA⊗Q is torsion free, bott1(ψ ⊗ idQ, upu

∗
q) maps Torp(G1,0) to zero. Suppose that

( 1
m∞

)bott1(ψ ⊗ idQ, upu
∗
q) maps ı∞(ei) to

∑mi
j=1 xi,j ⊗ ri,j , where xi,j ∈ ker ρB and ri,j ∈ Q,

j = 1, 2, ...,mi and i = 1, 2, ..., r. Since p and q are relative prime, any rational number r can be
written as r = rp − rq with rp ∈ Qp and rq ∈ Qq (see, for example, 2.6 of [18]). Hence there are
ri,j,p ∈ Qp and ri,j,q ∈ Qq such that ri,j = ri,j,p − ri,j,q, j = 1, 2, ...,mi and i = 1, 2, ..., r. Choose
gi,p =

∑mi
j=1 xi,j ⊗ ri,j,p and gi,q =

∑mi
j=1 xi,j ⊗ ri,j,q. Then gi,p ∈ ker ρB⊗Mp and gi,q ∈ ker ρB⊗Mq .

Moreover,

bott1(ϕ⊗ idQ, upu
∗
q)(

1

m∞
((ı∞)∗1(ei))) = (jp)∗0(gi,p)− (jq)∗0(gi,q), (e 4.29)

where gi,p and gi,q are identified as their images in K0(A⊗Q).
Note that the subgroup (ıp)∗1(G1,0) in K1(A⊗Mp) is isomorphic to Zr ⊕Torq and 1

mp
(Zr ⊕

Torq) is well defined in K1(A⊗Mp), and the subgroup (ıq)∗1(G1,0) in K1(B⊗Mq) is isomorphic
to Zr ⊕ Torp and 1

mq
(Zr ⊕ Torp) is well defined in K1(A ⊗Mq). One then defines the maps

θp : 1
mp

(ıp)∗1(G1,0)→ ker ρB⊗Mp and θq : 1
mq

(ıq)∗1(G1,0)→ ker ρB⊗Mq by

θp(
1

mp
(ιp)∗1(ei)) = mqgi,p and θq(

1

mq
(ιq)∗1(ei)) = mpgi,q

for 1 ≤ i ≤ r and
θp|Tor((ıp)∗1(G1,0)) = 0 and θq|Tor((ıq)∗1(G1,0)) = 0.

Then, for each ei, by (e 4.29), one has

(jp)∗0 ◦ θp ◦ (ıp)∗1(ei)− (jq)∗0 ◦ θq ◦ (ıq)∗1(ei)

= mp(
1

mp
(jp)∗0 ◦ θp ◦ (ıp)∗1(ei))−mq(

1

mq
(jq))∗0 ◦ θq ◦ (ıq)∗1(ei))

= mpmq((jp)∗0(gi,p)− (jq)∗0(gi,q))

= m∞bott1(ϕQ, upu
∗
q) ◦ (ı∞)∗1(ei/m∞)

= bott1(ϕQ, upu
∗
q) ◦ (ı∞)∗1(ei),

where ϕQ = ϕ⊗ idQ. Since the restrictions of θp ◦ (ıp)∗1, θq ◦ (ıq)∗1 and bott1(ϕQ, upu
∗
q) ◦ (ı∞)∗1

to the torsion part of G1,0 are zero, one has

bott1(ϕQ, upu
∗
q) ◦ (ı∞)∗1 = (jp)∗0 ◦ θp ◦ (ıp)∗1 − (jq)∗0 ◦ θq ◦ (ıq)∗1 on G1,0. (e 4.30)

The same argument shows that there also exist maps

αp :
1

mp
((ıp)∗0(G0,0))→ K1(B ⊗Mp)
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and

αq :
1

mq
((ıq)∗0(G0,0))→ K1(B ⊗Mq)

such that

bott0(ϕQ, upu
∗
q) ◦ (ı∞)∗0 = (jp)∗1 ◦ αp ◦ (ıp)∗0 − (jq)∗1 ◦ αq ◦ (ıq)∗0 on G0,0. (e 4.31)

Note that Gi,0,r ⊆ Gi,0, i = 0, 1, r = p, q. In particular, one has that

(ır)∗i(Gi,0,r) ⊆ (ır)∗i(Gi,0),

and therefore

G′1,0,p ⊆
1

mp
(ıp)∗0(G1,0) and G′1,0,q ⊆

1

mq
(ıq)∗0(G1,0).

Then the maps θp and θq can be restricted to G′1,0,p and G′1,0,q respectively. Since the group G′i,0,r
contains (J r

nr,∞)∗i(Ki(C
r
nr

)), the maps θp and θq can be restricted further to (Jp
np,∞)∗1(K1(Cp

np))
and (Jq

nq,∞)∗1(K1(Cq
nq)), respectively.

For the same reason, the maps αp and αq can be restricted to (Jp
np,∞)∗0(K0(Cp

np,∞) and
(Jq
nq,∞)∗0(K0(Cq

nq,∞)) respectively. We keep the same notation for the restrictions of these maps
αp, αq, θp, and θq.

By the universal multi-coefficient theorem (see [2]), there is κp ∈ HomΛ(K(Cp
np⊗C(T)),K(B⊗

Mp)) such that

κp|β(K1(C′p)) = −θp ◦ (Jp
np,∞)∗1 ◦ β−1 and κp|β(K0(Cp

np )) = −αp ◦ (Jp
np,∞)∗0 ◦ β−1, (e 4.32)

where β : K(·)→ K(· ⊗ C(T)) is defined by the identification K(· ⊗ C(T)) = K(·)⊕ β(K(·)).
Similarly, there exists κq ∈ HomΛ(K(Cq

nq ⊗ C(T))),K(B ⊗Mq)) such that

κq|β(K1(C′q)) = −θq ◦ (Jq
nq,∞)∗1 ◦ β−1 and κq|β(K0(Cq

nq )) = −αq ◦ (Jq
nq,∞)∗0 ◦ β−1. (e 4.33)

Define

ζx′j ,u,b = 〈(1N − ϕQ(p′j ⊗ 1Q) + ϕQ(p′j)upu
∗
q)(1N − ϕQ(q′j ⊗ 1Q) + ϕQ(q′j ⊗ 1Q)uqu∗p)〉.

Recall that we use up := (up ⊗ 1Mq) ⊗ 1N and uq := (uq ⊗ 1Mp) ⊗ 1N above. Choose the
unique ζx′j ,u,b ∈ U(B)/CU(B) which is represented by a unitary zx′j ,u ∈ U(B) such that

diag(zx′j ,u,b, 1N−1) = ζx′j ,u,b (see Theorem 11.10 of [6]). Choose zx′j ,r ∈ U(B ⊗Mr) such that

[zx′j,p ] = αp(x
′
j,p) and [zx′j ,q] = −αq(x

′
j,p). (e 4.34)

Then, by (e 4.31),

fj := ζx′j ,u,b(zx′j,p ⊗ 1Mq)
∗(zx′j,q ⊗ 1Mp)∗ ∈ U0(B ⊗Q)/CU(B ⊗Q). (e 4.35)

Identify U0(B)/CU(B) with Aff(T (B⊗Q)/ρB⊗Q(K0(B ⊗Q)) = Aff(T (B⊗Mp))/ρB⊗Mp(K0(B ⊗Mp)).
So we may also view fj ∈ U0(B ⊗Mp)/CU(B ⊗Mp). Define

ζx′j,p,up = (fjzx′j ,p) and ζx′j,q,uq = zx′j,q .

Note that

ζx′j ,u,b = (jp
‡(ζx′jp,up))(jq

‡(ζx′j,q,uq)). (e 4.36)
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Define the map Γr : Zk → U(B ⊗Mr)/CU(B ⊗Mr) by

Γr(x
′
j,r) = ζx′j,r,ur , 1 ≤ j ≤ k. (e 4.37)

Note that, by (e 4.13), (e 4.32), (e 4.33), and (e 4.34),

Πcu
B⊗Mp

(Γp(x
′
j,p)) = −κp ◦ β(x′′j,p) and Πcu

B⊗Mq
(Γq(x

′
j,q)) = κq ◦ β(x′′j,q), (e 4.38)

where the map Πcu
B⊗Mr

is defined in 2.4. Since gi,r ∈ kerρA⊗Mr , κr(β(K1(Cr
nr

))) ⊆ ker ρB⊗Mr ,
r = p or r = q. By Theorem 3.3, there exist unitaries wp ∈ B ⊗Mp and wq ∈ B ⊗Mq such that

‖[wp, ϕp(x)]‖ < δ′2/8, ‖[wq, ϕq(y)]‖ < δ′2/8, (e 4.39)

for any x ∈ H0′ ⊗Hp′ and y ∈ H0′ ⊗Hq′ , and

Bott(ϕp, wp) ◦ [Jp
np,∞] = κp ◦ β and Bott(ϕq, wq) ◦ [Jq

nq,∞] = κq ◦ β, (e 4.40)

and

dist(ζx′j,p,w∗p ,Γr(x
′
j,p)) ≤ γ/(64N(1 +

∑
i,j

|Mrij |)) and (e 4.41)

dist(ζx′j,q,wq
,Γr(x

′
j,q)) ≤ γ/(64N(1 +

∑
i,j

|Mrij |)) 1 ≤ j ≤ k, (e 4.42)

where

ζx′j,r,w∗r = 〈(1N − (ϕr)(p′j,r) + ((ϕr)(p′j,r))w
(N)
r )∗(1N − (ϕr)(q′j,r) + ((ϕr)(q′j,r))w

(N)
r )〉,

where w
(N)
r = wr ⊗ 1N and r = p, q. Define

ξx′j,r,w∗r = 〈(1N − (ϕr)(p′j) + (ϕr(p′j))w
(N)
r )∗(1N − (ϕr)(q′j) + ((ϕr)(q′j)w

(N)
r )〉, (e 4.43)

where w
(N)
r = wr ⊗ 1N and define (with wp := wp ⊗ 1Mq and wq := wq ⊗ 1Mp)

ζxi,w∗r = 〈(1− ϕQ(pi) + ϕQ(pi)w∗r )(1− ϕQ(qi) + ϕQ(qi)wr)〉, and (e 4.44)

ζ̃xi,w∗r = 〈(1− ϕQ(pi) + ϕQ(pi)w∗r )(1− ϕQ(qi) + ϕQ(qi)wr)⊕ 1N−1〉, (e 4.45)

r = p, q. Also, define

ζxi,u = 〈(1− ϕQ(pi) + ϕQ(pi)upu∗q)((1− ϕQ(qi) + ϕQ(qi)uqu∗p))〉 and (e 4.46)

ζ̃xi,u = 〈(1− ϕQ(pi) + ϕQ(pi)upu∗q)((1− ϕQ(qi) + ϕQ(qi)uqu∗p)⊕ 1N−1)〉. (e 4.47)

By the choice of H and δ, and by (e 4.9) (see also Lemma 11.9 of [6]),

dist(ζMi,u,
k∏
j=1

ζ
Mri,j
x′j ,u,b

) < γ/32, (e 4.48)

and, together with (e 4.41), (e 4.42), (e 4.6) and (e 4.7),

dist(ζMi,w∗p ,

k∏
j=1

ζ
Mri,j
x′j,p,up

) < γ/8 and dist(ζMi,wq
,

k∏
j=1

ζ
Mri,j
x′j,q,uq

) < γ/8. (e 4.49)
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Put vr = wrur. In what follows we will also write vp for vp ⊗ 1Mq ∈ A ⊗ Q and vq for
vq ⊗ 1Mp ∈ A⊗Q, whenever it is convenient.

We have, by (e 4.49), (e 4.48) and (e 4.36),

dist(〈(1− (ϕ⊗ idQ)(pi) + (ϕ⊗ idQ)(pi)vpv∗q)(1− (ϕ⊗ idQ)(qi)+(ϕ⊗ idQ)(qi)vqv∗p)〉M , (1B⊗Q))

= dist(ζMxi,wp
ζMxi,uζ

M
xi,w∗q

, 1B⊗Q)

= dist((ζMxj ,wp

k∏
j=1

ζ
Mri,j
x′j,p,up

)(

k∏
j=1

ζ
−Mri,j
x′j,p,up

ζMxj ,u

k∏
j=1

ζ
−Mri,j
x′j,q,uq

)(

k∏
j=1

ζ
Mri,j
x′j,q,uq

ζMxj ,w∗q )), 1B⊗Q)

≤ dist(ζMxj ,wp
,

k∏
j=1

ζ
−Mri,j
x′j,p,up

) + dist((

k∏
j=1

ζ
−Mri,j
x′j,p,up

ζMxj ,u

k∏
j=1

ζ
−Mri,j
x′j,q,uq

), 1B⊗Q) + dist(ζMx′j,q,w∗q
,

k∏
j=1

ζ
−Mri,j
xj′,q,uq )

< γ/8 + γ/32 + γ/8 < γ/3.

That is
dist(ζ−Mxi,vqv∗p , 1B⊗Q) < γ/3, (e 4.50)

where

ζxi,vqv∗p = 〈(1− ϕQ(pi) + ϕQ(pi)vqv∗p)(1− ϕQ(qi) + ϕQ(qi)vpv∗q)〉.

By the second part of 3.2,

dist(ζxi,vqv∗p , 1B⊗Q) = dist(ζ−1
xi,vqv∗p

, 1B⊗Q) < γ/3, (e 4.51)

Then, by (e 4.14) and the line below it, and, by (e 4.17), (e 4.18), and (e 4.39), one also has

‖ψ ⊗ idQ(x)− v∗p(ϕ⊗ idQ)(x)vp‖ < δ′2/4, ∀x ∈ H0′ ⊗Hp′ ⊗Hq′ and (e 4.52)

‖ψ ⊗ idQ(x)− v∗q(ϕ⊗ idQ)(x)vq‖ < δ′2/4, ∀x ∈ H0′ ⊗Hp′ ⊗Hq′ . (e 4.53)

Hence
‖[vpv∗q , ϕ⊗ idQ]‖ < δ′2/2 < δ2, ∀x ∈ H′.

Thus Bott(ϕQ, vpv
∗
q) is well defined on the subgroup generated by P. Moreover, a direct calcu-

lation shows that

bott1(ϕ⊗ idQ, vpv
∗
q) ◦ (ı∞)∗1(z)

= bott1(ϕ⊗ idQ, wp) ◦ (ı∞)∗1(z) + bott1(ϕ⊗ idQ, upu
∗
q)) ◦ (ı∞)∗1(z)

+bott1(ϕ⊗ idQ, w
∗
q) ◦ (ı∞)∗1(z)

= (jp)∗0 ◦ bott1(ϕ⊗ idMp , wp) ◦ (ıp)∗1(z) + bott1(ϕ⊗ idQ, upu
∗
q) ◦ (ı∞)∗1(z) +

(jq)∗0 ◦ bott1(ϕ⊗ idMq , w
∗
q) ◦ (ıq)∗1(z)

= −(jp)∗0 ◦ θp ◦ (ıp)∗1(z) + ((jp)∗0 ◦ θp ◦ (ıp)∗1 −
(jq)∗0 ◦ θq ◦ (ıq)∗1)− (−(jq)∗0 ◦ θq ◦ (ıq)∗1(z)) (see (e 4.40), (e 4.30) and (e 4.33))

= 0 for all z ∈ G(P)1,0.

The same argument shows that bott0(ϕ ⊗ idQ, vpv
∗
q) = 0 on G(P)0,0. Now, for any g ∈

G(P)1,∞,0, there is z ∈ G(P)1,0 and integers k,m such that (k/m)z = g. From the above,

bott1(ϕ⊗ idQ, vpv
∗
q)(mg) = kbott1(ϕ⊗ idQ, vpv

∗
q)(z) = 0. (e 4.54)
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Since K0(B ⊗Q) is torsion free, it follows that

bott1(ϕ⊗ idQ, vpv
∗
q)(g) = 0

for all g ∈ G(P)1,∞,0. So it vanishes on P ∩K1(A⊗Q). Similarly,

bott0(ϕ⊗ idQ, vpv
∗
q)|P∩K0(A⊗Q) = 0

on P ∩K0(A⊗Q).
Since Ki(B ⊗Q,Z/mZ) = {0} for all m ≥ 2, we conclude that

Bott(ϕ⊗ idQ, vpv
∗
q)|P = 0

on the subgroup generated by P.
Since [ϕ] = [ψ] in KL(A,B), ϕ] = ψ] and ϕ‡ = ψ‡, one has that

[ϕ⊗ idQ] = [ψ ⊗ idQ] in KL(A⊗Q,B ⊗Q), (e 4.55)

(ϕ⊗ idQ)] = (ψ ⊗ idQ)] and (ϕ⊗ idQ)‡ = (ψ ⊗ idQ)‡. (e 4.56)

Therefore, by Theorem 12.11(a) of [6], ϕ ⊗ idQ and ψ ⊗ idQ are approximately unitarily
equivalent. Thus there exists a unitary u ∈ B ⊗Q such that

‖u∗(ϕ⊗ idQ)(c)u− (ψ ⊗ idQ)(c)‖ < δ′2/8 for all c ∈ H′. (e 4.57)

It follows that from (e 4.52) that

‖uv∗p(ϕ⊗ idQ)(c)vpu
∗ − (ϕ⊗ idQ)(c)‖ < δ′2/2 + δ′2/8 ∀c ∈ H′. (e 4.58)

By the choice of δ′2 and H′, Bott(ϕ⊗ idQ, vpu
∗) is well defined on [Jn0,∞](K(Cn0)), and

|τ(bott1(ϕ⊗ idQ, vpu
∗)(z))| < δ2/2, ∀τ ∈ T(B), ∀z ∈ G.

For each 1 ≤ i ≤ m, define (see (e 4.8))

ζxi,uv∗p = 〈(1− (ϕQ)(pi) + ((ϕQ)(pi))uv∗p)(1− (ϕQ)(qi) + ((ϕQ)(qi))vpu∗)〉,

and define the map Γ : Zm = Gou,∞ → U(B ⊗ Q)/CU(B ⊗ Q) by Γ(xi) = ζxi,uv∗q . Note that∏cu
B⊗Q ◦Γ(xi) = Bott(ϕQ, vpu

∗)(xi). By Theorem 3.3, there exists a unitary yp ∈ B ⊗ Q such
that

‖[yp, ϕQ(h)]‖ < δ/2, ∀h ∈ H, (e 4.59)

and
Bott(ϕQ, yp) = Bott(ϕQ, vpu

∗)

on the subgroup generated by P, and

dist(ζxi,y∗p ,Γ(xi)) ≤ γ/2,

where

ζxi,y∗p = 〈(1− (ϕQ)(pi) + (ϕQ)(pi)y∗p)(1− (ϕQ)(qi) + (ϕQ)(qi)yp)〉.

Consider the unitary v = ypu, one has that

‖[vv∗p , (ϕ⊗ idQ)(h)]‖ < δ, for all h ∈ H and Bott(ϕ⊗ idQ, vv
∗
p) = 0

25



ac
ce
pt
ed
7-
28
-2
1,
J.
No
nc
om
m
. G
eo
m

on the subgroup generated by P, and for any 1 ≤ i ≤ m,

dist(ζxi,vv∗p , 1) < γ/2, (e 4.60)

where

ζxi,vv∗p = 〈(1− (ϕQ)(pi) + ((ϕQ)(pi))vv∗p)(1− (ϕQ)(qi) + ((ϕQ)(qi))vpv∗)〉.

Applying Lemma 3.1 to A⊗Q and ϕQ = ϕ⊗ idQ, one obtains a continuous path of unitaries
zp(t) in B ⊗Q such that zp(0) = 1 and zp(t1) = vv∗p , and

‖[zp(t), (ϕ⊗ idQ)(c)]‖ < ε/8 ∀c ∈ E , ∀t ∈ [0, t1]. (e 4.61)

Note that

Bott(ϕQ, vqv
∗) = Bott(ϕQ, vqv

∗
pvpv

∗) (e 4.62)

= Bott(ϕQ, vqv
∗
p) + Bott(ϕQ, vpv

∗) (e 4.63)

= 0 + 0 = 0 (e 4.64)

on the subgroup generated by P, and for any 1 ≤ i ≤ m,

dist(ζxi,vqv∗ , 1) ≤ dist(ζxi,vqv∗p , 1) + dist(ζxi,vpv∗ , 1) (e 4.65)

= γ, (by (e 4.51) and (e 4.60)) (e 4.66)

where

ζxi,vqv∗ = 〈(1− ϕQ(pi) + (ϕQ)(pi)vqv∗)(1− (ϕQ)(qi) + (ϕQ)(qi)vv∗q)〉 (e 4.67)

Since
‖[vv∗q , (ϕ⊗ idQ)(c)]‖ < δ, ∀c ∈ H,

Lemma 3.1 implies that there is a continuous path of unitaries zq(t) : [tm−1, 1]→ U(B⊗Q) such
that zq(tm−1) = vv∗q , zq(1) = 1 and

‖[zq(t), (ϕ⊗ idQ)(c)]‖ < ε/8, ∀t ∈ [tm−1, 1], ∀c ∈ E . (e 4.68)

Consider the unitary

v(t) =


zp(t)vp, if 0 ≤ t ≤ t1,
v, if t1 ≤ t ≤ tm−1,
zq(t)vq, if tm−1 ≤ t ≤ tm.

Then, for any ti, 0 ≤ i ≤ m− 1 by (e 4.59) and (e 4.57), (recall E ⊂ H ⊂ H′), one has that,
for any c ∈ E ,

‖v∗(ti)(ϕQ)(c)v(ti)− (ψQ)(c)‖
= ‖u∗y∗p(ϕQ)(c)ypu− (ψQ)(c)‖
≤ ‖u∗(ϕQ)(c)u− (ψQ)(c)‖+ δ/2

≤ δ′2/8 + δ/2 < 3ε/4.

Thus, for any t ∈ [tj , tj+1] with 1 ≤ j ≤ m − 2, one has, by (e 4.1), for any a ∈ F1 and
b ∈ F2,

‖v∗(t)(ϕ⊗ id(a⊗ b(t)))v(t)− ψ ⊗ id(a⊗ b(t))‖ (e 4.69)

= ‖v(tj)
∗(ϕ(a)⊗ b(t))v(tj)− ψ(a)⊗ b(t)‖ (e 4.70)

< ‖v(tj)
∗(ϕ(a)⊗ b(tj))v(tj)− ψ(a)⊗ b(tj)‖+ ε/4 (e 4.71)

< 3ε/4 + ε/4 < ε. (e 4.72)
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For any t ∈ [0, t1], by (e 4.1), (e 4.61), and (e 4.52) (note that δ′2 < ε/16 and Ep ⊆ H) , one
has that for any a ∈ F1 and b ∈ F2,

‖v∗(t)(ϕ⊗ id(a⊗ b(t)))v(t)− ψ ⊗ id(a⊗ b(t))‖ (e 4.73)

= ‖v∗pz∗p(t)(ϕ(a)⊗ b(t))zp(t)vp − ψ(a)⊗ b(t)‖ (e 4.74)

< ‖v∗pz∗p(t)(ϕ(a)⊗ b(t0))zp(t)vp − ψ(a)⊗ b(t0)‖+ ε/2 (e 4.75)

< ‖v∗p(ϕ(a)⊗ b(t0))vp − ψ(a)⊗ b(t0)‖+ ε/8 + ε/2 (e 4.76)

< ε/16 + 5ε/8 < ε. (e 4.77)

The same argument shows that for any t ∈ [tm−1, 1], one has that for any a ∈ F1 and b ∈ F2,

‖v∗(t)((ϕ⊗ idQ)(a⊗ b(t)))v(t)− (ψ ⊗ idQ)(a⊗ b(t))‖ < ε. (e 4.78)

Therefore, one has

‖v(ϕ⊗ id(f))v − ψ ⊗ id(f)‖ < ε for all f ∈ F .

Theorem 4.3. Let A and B be unital separable simple C∗-algebras. Suppose that A is finite
and amenable, and satisfies the UCT, and suppose that B is Z-stable and gTR(B ⊗Mr) ≤ 1
for all supernatural number r of infinite type. Let ϕ,ψ : A→ B be two unital monomorphisms.
Then there exists a sequence of unitaries {un} ⊂ B such that

lim
n→∞

u∗nψ(c)un = ϕ(c) for all c ∈ A,

if and only if
[ϕ] = [ψ] in KL(A,B), ϕ] = ψ] and ϕ‡ = ψ‡.

Proof. Note, by the remark at the end of 2.10, gTR(A⊗Mr) ≤ 1 for any supernatural number r
of infinite type. In what follows we let B = B⊗Z. Choose a pair of relatively prime supernatural
numbers p and q of infinite type. Let µ : Zp,q → Z and λ : Z → Zp,q be unital embeddings given
by Proposition 3.5 of [23]. Then µ ◦ λ : Z → Z is a unital embedding. Therefore µ ◦ λ and idZ
are approximately unitarily equivalent (see Theorem 7.6 of [10]). Let jD : D → D ⊗ Z be the
unital embedding d 7→ d⊗1Z and let ED : D → D⊗Zp,q be the unital embedding d 7→ d⊗1Zp,q .
for any unital C∗-algebra D.

Then jB ◦ϕ = (ϕ⊗ idZ)◦jA and (idB ⊗λ)◦jB ◦ϕ = (ϕ⊗ idZp,q)◦EA. Also (idB ⊗λ)◦jB ◦ψ =
(ψ ⊗ idZp,q) ◦ EA.

By Lemma 4.2 (together with the remark at the end of 2.10), (idB ⊗λ)◦jB ◦ϕ and (idB ⊗λ)◦
jB ◦ ψ are approximately unitarily equivalent. It follows that (idB ⊗µ) ◦ (idB ⊗λ) ◦ jB ◦ ϕ and
(idB ⊗µ) ◦ (idB ⊗λ) ◦ jB ◦ ψ are approximately unitarily equivalent. As µ ◦ λ is approximately
unitarily equivalent to idZ , jB ◦ ϕ and jB ⊗ ψ are approximately unitarily equivalent.

Recall B = B ⊗ Z and the unital embedding jZ : Z → Z ⊗ Z is approximately unitarily
equivalent to idZ , we conclude that ϕ and ψ are approximately unitarily equivalent.

Remark 4.4. The condition that gTR(B ⊗Mr) ≤ 1 in Theorem 4.3 may be replaced by that
B is amenable and satisfies the UCT (see [3]).
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5 The Range

Theorem 5.1. Let A be a separable amenable C∗-algebra which satisfies the UCT with a fixed
splitting map sA as in 2.4 and let B be a unital C∗-algebra such that T (B) 6= ∅. Suppose that
there are two unital homomorphisms ϕ,ψ : A→ B such that τ ◦ ϕ = τ ◦ ψ for all τ ∈ T (B).

(1) Suppose that KK(ϕ) = KK(ψ). Then there is a homomorphism δ : K1(A)→ Aff(T (B))
such that

(ϕ‡ − ψ‡) ◦ sA = ΣB ◦ δ, (e 5.1)

where ΣB : Aff(T (B)→ Aff(T (B))/ρB(K0(B)) is the quotient map.
(2) Suppose that KL(ϕ) = KL(ψ). Let K1(A) = ∪∞n=1Gn, where Gn ⊂ Gn+1 ⊂ K1(A) is a

finitely generated subgroup. Then, for each n, there is a homomorphism δn : K1(A)→ Aff(T (B))
such that

(ϕ‡ − ψ‡) ◦ sA|Gn = ΣB ◦ δn|Gn . (e 5.2)

Proof. Let z ∈ K1(A) be represented by a unitary u ∈Mn(A) for some integer n ≥ 1. As before,
we will continue to use ϕ and ψ for the extensions ϕ ⊗ idMn and ψ ⊗ idMn , respectively. Then
[ϕ(u)ψ(u)∗] = 0 in K1(B). By replacing u by u ⊕ 1k in Mn+k for some integer k ∈ N and n
by n + k, without loss of generality, we may assume that ϕ(u)ψ(u)∗ ∈ U0(Mn(B)). It follows
that there is a continuous and piecewise smooth path {v(t) : t ∈ [0, 1]} ⊂ Mn(B) such that
v(0) = ϕ(u)ψ(u)∗ and v(1) = 1Mn(B). Put w(t) = v(t)ψ(v). Then w(0) = ϕ(u) and w(1) = ψ(u).

Then, in Aff(T (B))/ρB(K0(B)),

(ϕ‡ − ψ‡) ◦ sA([z]) =
1

2πi

∫ 1

0
τ(
dv(t)

dt
v∗(t))dt+ ρB(K0(B)) (e 5.3)

=
1

2πi

∫ 1

0
τ(
dw(t)

dt
w∗(t))dt+ ρB(K0(B)) (τ ∈ T (B)). (e 5.4)

Let

Mϕ,ψ = {(b, a) ∈ C([0, 1], B)⊕A : b(0) = ϕ(a) and b(1) = ψ(a)} (e 5.5)

be the mapping torus. Since τ ◦ ϕ = τ ◦ ψ, as in 2.8,

Rϕ,ψ([w(t)]) =
1

2πi

∫ 1

0
τ(
dw(t)

dt
w∗(t))dt (e 5.6)

gives a homomorphism Rϕ,ψ : K1(Mϕ,ψ)→ Aff(T (B)).
If KK(ϕ) = KK(ψ), as in 3.4 of [15], there is a splitting map θ : K1(A) → K1(Mϕ,ψ) such

that θ(z) − [w(t)] ∈ ι∗1(K0(B)), where ι : B → Mϕ,ψ is the embedding (see also 3.3 of [15]).
Then

Rϕ,ψ(θ(z)− [w(t)]) ∈ ρB(K0(B)). (e 5.7)

Define

δ := Rϕ,ψ ◦ θ : K1(A)→ Aff(T (B)). (e 5.8)

One then has

(ϕ‡ − ψ‡) ◦ sA(z) = ΣB ◦ δ(z). (e 5.9)
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This proves the case (i).
For case (ii), let KL(ϕ) = KL(ψ). Then, for each n, there is a homomorphism θn : Gn →

K1(Mϕ,ψ) such that (πe)∗0 ◦ θn = idGn , where πe : Mϕ,ψ → A is the quotient map, n = 1, 2, ....
Since Aff(T (B)) is divisible, there is δn : K1(A) → Aff(T (B)) such that δn|Gn = Rϕ,ψ ◦ θn,
n = 1, 2, .... Note that, if z ∈ Gn, then θn(z) − [w(t)] ∈ ι∗1(K0(B)). The computation above
shows that

Rϕ,ψ(θn(z)− [w(t)]) ∈ ρB(K0(B)). (e 5.10)

It follows that

(ϕ‡ − ψ‡) ◦ sA(z) = ΣB ◦ δn(z). (e 5.11)

This proves the case (ii).

Lemma 5.2. [cf. Lemma 6.8 of [18]] Let A and B be unital separable simple C∗-algebras such
that A is finite and amenable, and satisfies the UCT, and gTR(B ⊗Mr) ≤ 1 for any super-
natural number r of infinite type. Suppose also B is Z-stable. Let κ ∈ KLe(A,B)++ and
λ : Aff(T (A)) → Aff(T (B)) be an affine homomorphism which are compatible (see Definition
2.6). Then there exists a unital homomorphism Ψ : A→ B such that

[Ψ] = κ and (Ψ)] = λ.

Moreover, if γ ∈
⋃∞
n=1 U(Mn(A))/CU(Mn(A))→ U(B)/CU(B) is a continuous homomorphism

which is compatible with κ and λ, then one may also require that

Ψ‡|U(A)0/CU(A) = γ|U(A)0/CU(A) and (Ψ)‡ ◦ sA = γ ◦ sA − h̄, (e 5.12)

where sA : K1(A)→ U(A)/CU(A) is a splitting map (see 2.4), and

h̄ : K1(A)→ RρB(K0(B))/ρB(K0(B))

is a homomorphism.

Recall that B has stable rank one (see Theorem 6.7 of [24]). By the last part of 2.6, the map
ū→ diag(ū, 1̄m) : U(B)/CU(B)→ U(Mm(B))/CU(Mm(B)) is an isomorphism.

In the following proof and rest of the paper, we will use ED to denote the homomorphism
ED : D → D ⊗Zp,q defined by d 7→ d⊗ 1Zp,q for all d ∈ D and for any C∗-algebra D.

Proof. Let p and q be two relative prime supernatural numbers of infinite type such that Q =
Mp⊗Mq. Let Ap = A⊗Mp, Aq = A⊗Mq, Bp = B⊗Mp and Bq = B⊗Mq. Note, by the second
part of 2.10, gTR(Ar) ≤ 1 for any supernatural number r, and by the assumption, gTR(Br) ≤ 1.
Let κr ∈ KL(Ar, Br), λr : Aff(T (Ar)) → Aff(T (Br)), γr : U(Ar)/CU(Ar) → U(Br)/CU(Br)
be induced by κ, λ and γ, respectively (see Lemma 6.1 of [18] for γr) for infinite supernatural
number r, including the supernatural number ∞ (recall M∞ = Q). Moreover, Mr

∼= Mr⊗Mr for
any supernatural number r of infinite type. It follows from Corollary 24.4 of [7] that there is a
unital homomorphism ϕp : Ap → Bp such that

[ϕp] = κp in KL(Ap, Bp), (ϕp)
‡ = γp and (ϕp)] = λp. (e 5.13)

For the same reason, there is also a unital homomorphism ψq : Aq → Bq such that

[ψq] = κq in KL(Aq, Bq), (ψq)
‡ = γq and (ψq)] = λq. (e 5.14)
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Define ϕ = ϕp ⊗ idMq and ψ = ψq ⊗ idMp : A⊗Q→ B ⊗Q. From above, one has that

[ϕ] = [ψ] in KL(A⊗Q,B ⊗Q), ϕ] = ψ] and ϕ‡ = ψ‡= γ∞. (e 5.15)

Since both Ki(B ⊗Q) are divisible (i = 0, 1), one actually has

[ϕ] = [ψ] in KK(A⊗Q,B ⊗Q).

As in the proof of Theorem 28.7 of [7] (see also the proof of Theorem 28.3 and (e.28.6) of [7]),
there is β ∈ Inn(ψ(A⊗Q), B⊗Q) with KK(β) = KK(ıψ(A⊗Q)) (where ıψ(A⊗Q) is the embedding

of ψ(A ⊗ Q) into B ⊗ Q), (β ◦ ψ)T = ψT , (β ◦ ψ)† = ψ†, and Rψ,β◦ψ = −Rϕ,ψ. It follows that
Rϕ,β◦ψ = 0 (see also the proof of Theorem 28.7 of [7]). Then, by Theorem 27.5 of [7], ϕ and
β ◦ ψ are asymptotically unitarily equivalent. Since K1(B ⊗ Q) is divisible and K0(A ⊗ Q) is
torsion free, H1(K0(A⊗Q),K1(B ⊗Q)) = K1(B ⊗Q) (see Definition 28.10 of [7] for notation).
It follows that ϕ and β ◦ ψ are strongly asymptotically unitarily equivalent.

Note that one may identify T (Bq), T (Bp) and T (B ⊗Q). Moreover,

ρB⊗Q(K0(B ⊗Q)) = RρB(K0(B)) = ρBq(K0(Bq)).

Denote by ıp : Bq → B ⊗ Q the embedding a 7→ a ⊗ 1p (where 1r := 1Mr), and note that the
image of ıp ◦ ψq is in the image of ψ. Thus, by Lemma 3.5 of [18], Rβ◦ıp◦ψq,ıp◦ψq is in

Hom((K1(Mβ◦ıp◦ψq,ıp◦ψq), ρBq(K0(Bq))).

Note that
[β ◦ ıp ◦ ψq] = [ıp ◦ ψq] in KK(Aq, Bq).

By Theorem, 28.3 of [7], there exists α ∈ Inn(ψq(Aq), Bq) such that

[α] = [ıψq(Aq)] in KK(ψq(Aq), Bq), (e 5.16)

where ıψq(Aq) is the embedding of ψq(Aq) into Bq, and

Rα,ıψq(Aq)
= −Rβ◦ıp◦ψq,ıp◦ψq .

One computes (just as Lemma 6.5 of [18]) that

[ıp ◦ α ◦ ψq] = [β ◦ ıp ◦ ψq] in KK(Aq, B ⊗Q), (e 5.17)

(ıp ◦ α ◦ ψq)] = (β ◦ ıp ◦ ψq)] and (ıp ◦ α ◦ ψq)‡ = (β ◦ ıp ◦ ψq)
‡, (e 5.18)

and
Rıp◦α◦ψq ,β◦ıp◦ψq = 0.

It follows from Theorem 27.5 and Theorem 28.13 of [7] that ıp ◦ α ◦ ψq and β ◦ ıp ◦ ψq are
strongly asymptotically unitarily equivalent.

We will show that β ◦ψ and (α ◦ψq)⊗ idMp are strongly asymptotically unitarily equivalent.
Define β1 = (β ◦ ıp ◦ ψq)⊗ idMp : A⊗Mq ⊗Mp → B ⊗Q⊗Mp. Let j : Q→ Q⊗Mp be defined
by j(b) = b⊗ 1p. Consider the C∗-subalgebra

C = β ◦ ψ(1A⊗Mq ⊗Mp)⊗Mp = β(1Bq ⊗Mp)⊗Mp ⊂ B ⊗Q⊗Mp. (e 5.19)

(note ψ(1A⊗Mq) = 1Bq and ψ(1A⊗Mq ⊗Mp) = 1Bq ⊗Mp). Since K1(C) = {0}, in C,
(idB ⊗ j) ◦ (β|1Bq⊗Mp) and j0 are strongly asymptotically unitarily equivalent, where j0 : Mp →
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C is defined by j0(a) = 1B⊗Q⊗ a for all a ∈Mp. In particular, there exists a continuous path of
unitaries {v(t) : t ∈ [0, 1)} ⊂ C such that

lim
t→1

Ad v(t) ◦ (idB ⊗ j) ◦ (β ◦ ψ)(1Aq ⊗ a) = 1B⊗Q ⊗ a for all a ∈Mp. (e 5.20)

Note that, for aq ∈ Aq, (idB ⊗j)(β ◦ ψ(aq ⊗ 1p)) = β(ψq(aq) ⊗ 1p) ⊗ 1p. Then, by (e 5.19), v(t)
commutes with (idB ⊗j)(β ◦ ψ(aq ⊗ 1p)). It follows that (idB ⊗ j)◦β ◦ ψ and β1 are strongly
asymptotically unitarily equivalent. Since ıp ◦ α ◦ ψq and β ◦ ıp ◦ ψq are strongly asymptotically
unitarily equivalent, one concludes that (idB ⊗ j) ◦ β ◦ ψ and (ıp ◦ α ◦ ψq) ⊗ idMp are strongly
asymptotically unitarily equivalent. There is a homomorphism θ : Q⊗Mp → Q such that θ ◦ j :
Q→ Q is strongly asymptotically unitarily equivalent to idQ. Consequently, (idB ⊗ θ) ◦ (idB ⊗
j)◦β ◦ψ is strongly asymptotically unitarily equivalent β ◦ψ, and (idB⊗θ)◦

(
(ıp ◦α◦ψq)⊗ idMp

)
is strongly asymptotically unitarily equivalent (α◦ψq)⊗ idMp . Therefore β◦ψ and (α◦ψq)⊗ idMp

are strongly asymptotically unitarily equivalent.
Finally, we conclude that (α ◦ ψq)⊗ idMp and ϕ are strongly asymptotically unitarily equiv-

alent. Note that, by (e 5.16), α ◦ ψq is an isomorphism which induces Γq.
Thus, there is a continuous path of unitaries {u(t) : t ∈ [0, 1)} in B ⊗Mp ⊗Mq (it can be

madeinto piecewise smooth—see Lemma 4.1 of [15]) such that u(0) = 1 and

lim
t→1

adu(t) ◦ ϕ(a) = (α ◦ ψq)⊗ idMp)(a) for all a ∈ A⊗Q. (e 5.21)

Note that, if a ∈ A ⊗ Zp,q, then a(0) ∈ A ⊗Mp ⊗ 1q, and ϕ(a(0)) ∈ Bp ⊗ 1q, and a(1) ∈
A⊗Mq ⊗ 1p, and

((α ◦ ψq)⊗ idMp)(a(1)) ∈ Bq ⊗ 1p.

This provides a unital homomorphism Φ : A⊗Zp,q → B ⊗Zp,q such that, for each t ∈ (0, 1),

πt ◦ Φ(a) = adu(t) ◦ ϕ(a(t)) for all a ∈ A⊗Zp,q. (e 5.22)

Denote by Ck a commutative C∗-algebra with K0(Ck) = Z/kZ and K1(Ck) = {0}, 2, 3, ...., and
C0 = C. So one identifies Ki(A⊗ Ck) with Ki(A,Z/kZ) (i = 0, 1).

Note that [EA] : K(A) → K(A ⊗ Zp,q) is an isomorphism in HomΛ(K(A),K(A ⊗ Zp,q))
(recall K0(Zp,q) = Z and K1(Zp,q) = {0}). Denote by [EA]−1 the inverse of [EA] and κZ ∈
KL(A⊗Zp,q, B⊗Zp,q) the composition [EB] ◦κ ◦ [EA]−1. One computes, applying the Künneth
formula, that κZ(g ⊗ [1Zp,q ]0) = κ(g)⊗ [1Zp,q ]0 for all g ∈ Ki(A⊗ Ck), k = 0, 2, ..., and i = 0, 1.

Thus we have the commutative diagrams:

Ki(A⊗ Ck)
[EA⊗Ck ]
−→ Ki(A⊗ Ck ⊗ Zp,q)

[πe]→ Ki(A⊗ Ck ⊗Mp)⊕Ki(A⊗ Ck ⊗Mq)
↓κ|K0(A,Z/kZ)

↓κZ |Ki(A⊗Ck⊗Zp,q)
↓κp⊕κq

Ki(B ⊗ Ck)
[EB⊗Ck ]
→ Ki(B ⊗ Ck ⊗ Zp,q)

[πe]→ Ki(B ⊗ Ck ⊗Mp)⊕Ki(B ⊗ Ck ⊗Mq)

(e 5.23)

and

Ki(A⊗ Ck ⊗ Zp,q)
[πe]→ Ki(A⊗ Ck ⊗Mp)⊕Ki(A⊗ Ck ⊗Mq)

↓[Φ]|K0(A,Z/kZ)
↓[ϕp]⊕[ψq]

Ki(B ⊗ Ck ⊗ Zp,q)
[πe]→ Ki(B ⊗ Ck ⊗Mp)⊕Ki(B ⊗ Ck ⊗Mq)

(e 5.24)

(recall ED : D → D ⊗ Zp,q is defined by ED(d) = d⊗ 1Zp,q), where πe : D ⊗ Zp,q → (D⊗Mp)⊕
D ⊗Mq denotes the quotient map (for D = A ⊗ Ck and D = B ⊗ Ck). Recall, by (e 5.13) and
(e 5.14), [ϕp] = κp and [ψq] = κq. Note (since p and q are relatively prime) that [πe] is injective
(see Proposition 5.2 of [26]) and [jD] is an isomorphism. Therefore, from the commutative
diagrams (e 5.23) and (e 5.24), one concludes that KL(Φ) = κZ .
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Let η : Zp,q → Z be the unital embedding given by Proposition 3.3 of [23]. Define Ψ : A→
B ⊗ Z by (idB ⊗η) ◦ Φ ◦ EA. Note [idB ⊗η] = [EB]−1. Then Ψ is a unital homomorphism such
that KL(Ψ) = [EB]−1 ◦κZ ◦EA = κ. For each t, and τ ∈ T (B), τ(Φt(a)) = λ(â)(τ) for all a ∈ A.
One then checks that τ(Ψ(a)) = λ(â)(τ) for all a ∈ As.a. and all τ ∈ T (B). In fact, one has that

Φ](a⊗ b)(τ ⊗ µ) = λ(a(τ))µ(b) for all a ∈ As.a. and b ∈ (Zp,q)s.a. (e 5.25)

for any τ ∈ T (B) and µ ∈ T (Zp,q).
Note that it follows from (e 5.25) that

(Φ ◦ EA)‡|U0(A)/CU(A) = E‡B ◦ γ|U0(A)/CU(A), (e 5.26)

Then, one has, for t ∈ (0, 1),

(πt ◦ Φ ◦ EA)‡ = γQ = ı‡Q ◦ γ, (e 5.27)

where ıQ : B → B ⊗Q is defined by ıQ(a) = a⊗ 1Q and γQ : U(A⊗Q)/CU(A⊗Q)→ U(B ⊗
Q)/CU(B⊗Q) (see Lemma 6.1 of [18]). On the other hand, for each z ∈ U(Mk(A))/CU(Mk(A))
for some integer k ≥ 1, let w0 ∈ U(B) be such that its image w̄0 = γ(z). Put w1 = w0 ⊗ 1Zp,q ∈
B ⊗Zp,q and w = diag(w1, 1k−1).

In what follows, we will use H for H ⊗ idMk
(for a map H) and U(t) for U(t) ⊗ 1Mk

, in
particular, this includes the case H = ϕ.

Then

πt(w) = πt′(w) for all t, t′ ∈ [0, 1] and E‡B ◦ γ(z) = w. (e 5.28)

Since πt(w) ∈ B is constant, one may use w for its evaluation at t. Let v0 ∈ U(Mk(A)) be such
that v0 = z.

Let Z = Φ(EA(v0))w∗. Then, for any t ∈ (0, 1),

Z(t) = πt ◦ Φ(EA(v0))w∗ = u(t)∗ϕ(v0)u(t)w∗. (e 5.29)

Since (κ, λ, γ) is compatible, in K1(B ⊗ Zp,q),

[Z] = [Φ(EA(v0))w∗] = [κZ(EA(v0))][w∗0 ⊗ 1Zp,q ] = [κ([v0])⊗ 1Zp,q ][w
∗
0 ⊗ 1Zp,q ] = 0.

It follows that diag(Z, 1m) ∈ U0(Mm+1(Mk(B)⊗Zp,q)). Let Z1(t, s) be a piecewise smooth con-
tinuous path of unitaries in U0(Mm+1(Mk(B)⊗Zp,q)) such that Z1(t, 0) = Z1(t) and Z1(t, 1) = 1.
Denote by τ0 the unique tracial state in T(Q), where r is a supernatural number. For each
sµ ∈ T (Zp,q), one may write

sµ(a) =

∫ 1

0
τ0(a(t))dµ(t),

where µ is a probability Borel measure on [0, 1].
To apply Lemma 6.6 of [18], put V (t) = diag(u(t), 1m), ϕ(m+1)(a) = diag(ϕ(a), ϕ(a), ..., ϕ(a))

and w1 = diag(w,ϕ(v0), · · · , ϕ(v0)) as well as (for a ∈ A)

ψ(m+1)(a) = diag(((α ◦ ψq)⊗ idMp)(a), ϕ(a), · · · , ϕ(a)).

Then Z1(t) = V (t)∗ϕ(m+1)(v0)V (t)w∗1 for all t ∈ [0, 1) and

lim
t→1

V (t)∗ϕ(m+1)(v0)V (t)w∗1 = diag(u(t)∗ϕ(v0)u(t)w∗, 1m).
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Then, for τ ∈ T (B) and sµ ∈ T (Zp,q), by applying Lemma 6.6 of [18],

Det(Z1)(τ ⊗ sµ) (e 5.30)

=
1

2π
√
−1

∫ 1

0
(τ ⊗ sµ)(

dZ1(t, s)

ds
Z1(t, s)∗)ds (e 5.31)

=
1

2π
√
−1

∫ 1

0

∫ 1

0
(τ ⊗ τ0)(

dZ1(t, s)

ds
Z1(t, s)∗)dµ(t)ds (e 5.32)

=

∫ 1

0
(

1

2π
√
−1

∫ 1

0
(τ ⊗ τ0)(

dZ1(t, s)

ds
Z1(t, s)∗))ds)dµ(t) (e 5.33)

=

∫ 1

0
Det(ϕ(v0))w∗0)(τ)dµ(t) + f(τ) for some f ∈ ρB(K0(B ⊗Q)) (e 5.34)

= Det(ϕ(v0)w∗0)(τ) + f(τ), (e 5.35)

where µ is a Borel probability measure on [0, 1] associated with sµ. Note that, if p, q ∈Mn(B⊗Q)
are two projections, then there are projections p0, q0 ∈Mm(B) (for some integer m) and r ∈ Q
such that that [p] − [q] = r([p0] − [q0]). By (e 5.15), for any ε > 0, there are projection p0, q0 ∈
Mm(B) and r ∈ Q such that

sup{|g(τ)− r(τ(p)− τ(q))| : τ ∈ T (B)} < ε, (e 5.36)

where g(τ) = Det(ϕ(v0)w∗0)(τ) for all τ ∈ T (B). Put p1 = p0 ⊗ 1Zp,q and q1 = q0 ⊗ 1Zp,q . By
(e 5.35), for g1(τ ⊗ sµ) = Det(Z1)(τ ⊗ sµ),

|g1(τ ⊗ sµ)− r((τ ⊗ sµ)(p1)− (τ ⊗ sµ)(q1)| < ε (e 5.37)

for all τ ∈ T (B) and sµ ∈ T (Zp,q). It follows
Therefore the map

T (B ⊗ Zp,q) 3 τ ⊗ sµ 7→Det(Z1)(τ ⊗ sµ) = Det((ϕ(v0)w∗0)(τ) + f(τ) (e 5.38)

defines an element in RρB(K0(B)) ⊆ Aff(T (B ⊗ Zp,q)).
Thus, (Φ ◦EA)‡(z)(EB ◦ γ(z)∗) defines a homomorphism from the group U(A)/CU(A) into

RρB(K0(B))/ρB(K0(B)) which will be denoted by h0. By (e 5.26),

h0|U0(A)/CU(A) = 0. (e 5.39)

Thus −h0 induces a homomorphism h̄ : K1(A) → RρB(K0(B))/ρB(K0(B)). Since all unital
endomorphisms on Z are approximately inner (see Theorem 7.6 of [10]),

Ψ‡(sA(x))γ(sA(x))∗ = (((ı⊗ η) ◦ Φ ◦ EA)‡(sA(x)))γ(sA(x)−1) = −h̄(x) for all x ∈ K1(A).

In other words,

Ψ‡ ◦ sA = γ ◦ sA − h̄. (e 5.40)

Lemma 5.3. Let A and B be two unital separable simple C∗-algebras such that A is finite,
amenable and satisfies the UCT, and gTR(B ⊗ Mr) ≤ 1 for any supernatural number r of
infinite type. Suppose that B is Z-stable. Let ψ : A → B be a unital homomorphism. Suppose
that

h̄ ∈ Hom(K1(A),RρB(K0(B))/ρB(K0(B)))
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such that there exists h ∈ Hom(K1(A),RρB(K0(B))) with h̄ = ΣB ◦ h. Then there exists a
homomorphism ϕ : A→ B such that

KL(ψ) = KL(ϕ), ψT = ϕT and (ψ‡ − ϕ‡) ◦ sA = h̄. (e 5.41)

Proof. First, recall, by the second part of 2.10, that gTR(A ⊗Mr) ≤ 1 for any supernatural
number r of infinite type. Fix a splitting map sA : K1(A)→ U(M∞(A))/CU(M∞(A)) as defined
in 2.4. Let γ : U(M∞(A))/CU(M∞(A))→ U(B)/CU(B) be homomorphism such that

γ|
Aff(T (A))/ρA(K0(A))

= ψ‡|
Aff(T (A))/ρA(K0(A))

and γ ◦ sA = ψ‡ ◦ sA + h̄ ◦ sA. (e 5.42)

Therefore

(ψ ⊗ idZp,q)
‡ ◦ E‡A ◦ sA = E‡B ◦ γ ◦ sA − h̄ and Πcu

B ◦ γ ◦ sA = ψ∗1. (e 5.43)

In what follows we will identify T (B) with T (B ⊗ Mr) whenever it is necessary. There is a
homomorphism hr : K1(A⊗Mr)→ ρB(K0(B ⊗Mr)) = RρB(K0(B)) such that

h = hr ◦ (ıA,r)∗1, (e 5.44)

where ıA,r : A→ A⊗Mr is the embedding so that ıA,r(a) = a⊗1r for all a ∈ A (r is a supernatural
number, including ∞ which corresponds to Q).

Choose a pair of relatively prime supernatural numbers p and q of infinite type. We also
require that Mp ⊗Mq = Q. Put A′r = (ψ ⊗ idMr)(A⊗Mr), where r is a supernatural number.

It follows from Theorem 28.3 of [7] that there is a monomorphism β0 ∈ Inn(A′p, Bp) such
that

[β0] = [ıA′p ] in KK(A′p, Bp), (β0)] = ıA′p ]
, β‡0 = ıA′p

‡ and (e 5.45)

RidA′p
,β0 = hp + (ρBp ◦ fp), (e 5.46)

where ıA′p is the embedding of A′p and fp ∈ Hom(K1(Ap),K0(B⊗Mp)). (Recall, here, RidA′p
,β0 ∈

Hom(K1(Ap),Aff(T (Bp)))/R0, whereR0 is the subgroup of those λ ∈ Hom(K1(Ap),Aff(T (Bp)))
such that there λ0 ∈ Hom(K1(Ap),K0(Bp)) such that λ = ρBp ◦ λ0 (–see 3.4 of [15]). Put

f ′p := ρBp ◦ fp ∈ Hom(K1(Ap), ρBp(K0(Bp))). Denote by ψ̃r : A → Br the map defined by

ψ̃r(a) = (ψ ⊗ idMr)(a⊗ 1Mr) for all a ∈ A, r = p, q. Thus

Rιp◦ψ̃p,ιp◦β0◦ψ̃p
= h+ (f ′p ◦ (ıA,p)∗1), (e 5.47)

where ıp : Bp → B⊗Q is the embedding defined by ıp(b) = b⊗ 1Mq . Note that ιp ◦ (ψ⊗ idMp) =
ψ ⊗ idQ .

Similarly, there is a monomorphism β1 ∈ Inn(A′q, Bq) such that

[β1] = [ıA′q ] in KK(A′q, Bq), (β1)] = ıA′q ]
, β‡1 = ıA′q

‡ and (e 5.48)

Rıq◦ψ̃q,ιq◦β1◦ψ̃q
= h+ f ′q ◦ (ıA,q)∗1, (e 5.49)

where ıq : Bq → B ⊗ Q is the embedding defined by ıq(b) = b ⊗ 1Mp , and where f ′q := ρBq ◦ fq
for some fq ∈ Hom(K1(Aq),K0(Bq)).

Denote by ψ0 = ιp ◦ β0 ◦ (ψ ⊗ idMp) and ψ1 = ιq ◦ β1 ◦ (ψ ⊗ idMq). Consider

ψ0 ⊗ idMq : Ap ⊗Mq(= A⊗Q)→ B ⊗Q⊗Mq(= B ⊗Q) and
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ψ1 ⊗ idMp : Aq ⊗Mp(= A⊗Q)→ B ⊗Q⊗Mp(= B ⊗Q).

We have

KK(ψ0 ⊗ idMq) = KK(ψ1 ⊗ idMp), (ψ0 ⊗ idMq)] = (ψ1 ⊗ idMq)] and (ψ0 ⊗ idMq)
‡ = (ψ1 ⊗ idMq)

‡.

We also compute that

Rψ0⊗idMq ,ψ1⊗idMp
= Rψ0⊗idMq ,ψ⊗idQ +Rψ⊗idQ,ψ1⊗idMq

(e 5.50)

= −h∞ + h∞ = 0̄. (e 5.51)

It follows from Theorem 27.5 and Theorem 28.13 of [7] that there is a continuous path of unitaries
{U(t) : t ∈ [0, 1)} ⊂ U(B ⊗Q) with U(0) = 0 such that

lim
t→1

U(t)∗(ψ0 ⊗ idMq)(a)U(t) = (ψ1 ⊗ idMp)(a). (e 5.52)

By Lemma 4.1 of [15], we may also assume that {U(t) : t ∈ [0, 1)} is piecewise smooth.
Let Φ : A⊗Zp,q → B ⊗Zp,q be defined by

Φ(a⊗ b)(t) = U∗(t)((ψ0 ⊗ idMq)(a⊗ b(t))U(t) for all t ∈ [0, 1) and (e 5.53)

Φ(a⊗ b)(1) = ψ1 ⊗ idMp(a⊗ b(1)), (e 5.54)

for all a⊗ b ∈ A⊗ Zp,q. Exactly the same argument in the proof of Lemma 5.2 around (e 5.23)
and (e 5.24) show that

KL(Φ) = [EB] ◦KL(ψ) ◦ [EA]−1. (e 5.55)

We claim that

Φ‡ ◦ E‡A ◦ sA = (EB)‡ ◦ γ ◦ sA. (e 5.56)

To compute Φ‡, let x ∈ sA(K1(A)) and v0 ∈ U(Mk(A)) (for some integer k ≥ 1) such that
v0 = x. Let w0 ∈ U(B) such that its image w̄0 = γ(x). Put w1 = w0 ⊗ 1Zp,q ∈ B ⊗ Zp,q. Then
w(t) = w(t′) for all t, t′ ∈ [0, 1] and

E‡B ◦ γ ◦ sA(x) = w. (e 5.57)

Put w := diag(w, 1k−1). In what follows, we will use H for H ⊗ idMk
(for a map H) and U(t)

for U(t) ⊗ 1Mk
. Let Z = (Φ ◦ EA(v0))w∗ ∈ Mk(B) ⊗ Zp,q. By the second part of (e 5.43) and

by (e 5.55), [Z] = 0. Suppose that there is a piecewise smooth continuous path {Z1(t, s) : s ∈
[0, 1]} ⊂ Mm+1(Mk(B) ⊗ Zp,q) such that Z1(t, 0) = diag(Z(t), 1m) and Z1(t, 1) = 1m+1. Then,
in Aff(T (B ⊗Zp,q))/ρB⊗Zp,q(K0(B ⊗Zp,q)), by (e 5.43) and w̄0 = γ(x),

Det(Z1(t, s))

= Det(Z1(t, s)(w(ψ ⊗ idZp,q(EA(v0)∗))) + Det((ψ ⊗ idZp,q)(EA(v0))(EB(w∗0)))

= Det(Z1(t, s)(w(ψ ⊗ idZp,q(EA(v0)∗))) + h ◦ ([v0]), (e 5.58)

where we identify T (B) with T (B⊗Q), and (h◦sA(x))(τ ⊗ δt) = h([v0])(τ) for all τ ∈ T (B⊗Q)
and t ∈ [0, 1]. By (e 5.46) (see also (e 5.47)), there is a continuous and piecewise smooth path
{z(t) : t ∈ [0, 1]} in U0(Mk(Bp ⊗Mq)⊗ 1Mq) such that

z(0) = (β0 ◦ ψ(v0 ⊗ 1Mp)⊗ 1Mq)((ψ(v0)⊗ 1Mp)⊗ 1Mq), z(1) = 1 and

1

2πi

∫ 1

0
τ(
dz(s)

ds
z(s)∗)ds = −(h([v0])(τ) + (f ′p(x))(τ) for all τ ∈ T (A⊗Mp).
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Define Z2(t, s) = Z1(t, s)(w(ψ ⊗ idZp,q(v0)∗)(EA(v0)∗)). We also have

Z2(t, 0) = (U∗(t)(β0 ◦ ψ(v0)⊗ 1Mp)⊗ 1Mq)U(t)(ψ(v0)⊗ 1Q)∗, 1m), (e 5.59)

Z2(0, 0) = (((β0 ◦ (ψ(v0)⊗ 1Mp))⊗ 1Mq)(ψ(v0)⊗ 1Q)∗, 1m), (e 5.60)

Z2(1, 0) = (((β1 ◦ (ψ(v0)⊗ 1Mq))⊗ 1Mp)(ψ(v0)⊗ 1Q)∗, 1m). (e 5.61)

Note that

Det(Z2)(τ ⊗ δ0) = −h([v0]))(τ) + h00(τ) and (e 5.62)

Det(Z2)(τ ⊗ δ1) = −(h([v0])(τ) + h1,0(τ) (e 5.63)

for some h00 ∈ ρBp(K0(Bp)) and h1,0 ∈ ρBq(K0(Bq)). Recall that we have identified T (B) with
T (B ⊗Mr) as well as T (B ⊗Q). It follows from Lemma 3.6 that (see also lines above (e 5.30)),
there is f ∈ ρB⊗Zp,q(K0(B ⊗Zp,q)) such that for each t ∈ [0, 1],

Det(Z1(t, s)w((ψ ⊗ idZp,q)(EA(v0)∗)))(τ ⊗ δt) (e 5.64)

= Det(Z2)(τ ⊗ δt) = (
1

2πi

∫ 1

0
τ(
dZ2(t, s)

ds
Z2(t, s)∗)ds)(δt) (e 5.65)

= −h(sA(x))(τ) + f(τ ⊗ δt). (e 5.66)

Therefore, by (e 5.44) and by (e 5.58), the map

T (B ⊗Zp,q) 3 τ ⊗ sµ (where τ ∈ T (B), sµ ∈ T (Zp,q)) 7→Det(Z1(t, s))(τ ⊗ sµ),

where τ ∈ T (B), sµ ∈ T (Zp,q), defines an element in ρB⊗Zp,q(K0(B ⊗Zp,q)). Hence Φ‡◦E‡A(x) =
w = (EB)‡ ◦ γ(x). This proves the claim.

Denote by η : Zp,q → Z the unital embedding given by Proposition 3.3 of [23]. Consider

ϕ = (idB ⊗ η) ◦ Φ ◦ EA.

One then checks that
[ϕ] = [ψ] in KL(A,B), ϕ] = ψ].

Since B is Z-stable, Z itself is strongly absorbing and every unital endomorphism of Z is
approximately inner (Theorem 8.7 and Theorem 7.6 of [10]), (idB ⊗η)‡ ◦ E‡B = id . By (e 5.56),

ϕ‡ ◦ sA = (idB ⊗η)‡ ◦ Φ‡ ◦ E‡A ◦ sA = (idB ⊗η)‡ ◦ (EB)‡ ◦ γ ◦ sA = γ ◦ sA,

which implies ϕ‡ = γ.

Theorem 5.4. Let A be a unital finite separable amenable simple Z-stable C∗-algebra which
satisfies the UCT. Then there exists a sequence of unital separable amenable simple Z-stable C∗-
algebras An such that Ki(A) are finitely generated (i = 0, 1) and a sequence of homomorphisms
ϕn : An → An+1 such that A = limn→∞(An, ϕn) and ϕn∗i : Ki(An)→ Ki(An+1) is injective.

Proof. Let G0
n ⊂ K0(A) be a sequence of finitely generated subgroups satisfying

[1A] ∈ G0
1 ⊂ G0

2 ⊂ · · · ⊂ G0
n ⊂ · · · , and K0(A) = ∪G0

n,

and let G1
n ⊂ K1(A) be a sequence of finitely generated subgroups satisfying

G1
1 ⊂ G1

2 ⊂ · · · ⊂ G1
n ⊂ · · · , and K1(A) = ∪G1

n.

36



ac
ce
pt
ed
7-
28
-2
1,
J.
No
nc
om
m
. G
eo
m

Recall the Elliott invariant of A is described as ((K0(A),K0(A)+, [1A]),K1(A), T (A), rA), where
rA : T (A)→ S(K0(A)) is the canonical map. Let ∆ = T (A) and r = rA. Define rn : ∆→ S(G0

n)
by rn(τ) = r(τ)|G0

n
.

By Corollary 13.51 of [6], there is a separable simple amenable unital Z-stable C∗-algebra
An such that

((K0(An),K0(An)+, [1An ]),K1(An), T (An), rAn) =
(
(G0

n, G
0
n ∩K0(A)+, [1A]), G1

n,∆, rn
)
.

By lemma 5.2 above, there is a homomorphism ϕn : An → An+1 such that

(ϕn)∗,0 : K0(An) = G0
n → K0(An+1) = G0

n+1 and (ϕn)∗,1 : K1(An) = G1
n → K1(An+1) = G1

n+1

are the inclusion maps, and (ϕn)T : T (An+1) = ∆ → T (An) = ∆ is the identity map. Let
B := limn→∞(An, ϕn). Then, from the construction, A and B have the same Elliott invariant
and therefore are isomorphic to each other by Corollary 29.9 of [6] and Theorem 4.10 of [3].

Theorem 5.5. Let A and B be unital finite separable simple Z-stable C∗-algebras. Suppose that
A is amenable and satisfy the UCT and gTR(B ⊗ Q) ≤ 1. Fix a splitting map sA : K1(A) →
U(A)/CU(A). For any ε > 0 and any finite subset F ⊂ A, there exist a finite subset P ⊂ K(A)
and a finite subset U ⊂ U(A) such that, for any two unital homomorphisms ϕ, ψ : A→ B, if

KL(ϕ)|P = KL(ψ)|P , ϕT = ψT and (e 5.67)

(ϕ‡ ◦ sA)|P∩K1(A) = (ψ‡ ◦ sA)|P∩K1(A), (e 5.68)

then there exists a unitary u ∈ B such that

‖u∗ϕ(a)u− ψ(a)‖ < ε for all a ∈ F . (e 5.69)

Proof. It follows from Theorem 5.4, we may write A = limn→∞(An, ιn), where each An is a
unital separable amenable simple Z-stable C∗-algebra with finitely generated Ki(An) (i = 0, 1),
and ιn : An → An+1 is a unit monomorphism. Therefore there exists an increasing sequence
F1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ Fn+1 ⊂ · · · of finite subsets of A such that there are finite subset
Gn ⊂ An with the property ιn,∞(Gn) = Fn (n = 1, 2, ...) and and ∪∞n=1Fn is dense in A.

Let ε > 0 and a finite subset F ⊂ A be given, without loss of generality, we may assume
that F ⊂ Fn for some integer n ≥ 1. Since Ki(An) is finitely generated (i = 0, 1), by Corollary
2.11 of [2], there is a finitely generated subgroup F ⊂ K(A) such that, if κ1, κ2 ∈ KL(An, B)
and κ1|F = κ2|F , then κ1 = κ2. Let Q ⊂ F be a finite generating set. Define P = [ιn,∞](Q).

Now suppose that ϕ,ψ : A → B are two unital homomorphisms which satisfy (e 5.67) and
(e 5.68). Then

KL(ϕ ◦ ιn,∞) = KL(ψ ◦ ιn,∞), (ϕ ◦ ιn,∞)] = (ψ ◦ ιn,∞)] and ϕ ◦ ι‡n,∞ = ψ ◦ ι‡n,∞. (e 5.70)

It follows from Theorem 4.3 that there exists a unitary u ∈ B such that

‖u∗ϕ ◦ ιn,∞(g)u− ψ ◦ ιn,∞(g)‖ < ε for all a ∈ Gn. (e 5.71)

It follows that

‖u∗ϕ(a)u− ψ(a)‖ < ε for all a ∈ Fn. (e 5.72)
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Theorem 5.6. Let A and B be two unital finite separable simple amenable Z-stable C∗-algebras
which satisfy the UCT. Let ϕ : A→ B be a unital homomorphism. Suppose that

h̄ ∈ Homalf (K1(A),Aff(T (B))/ρB(K0(B)))

(see Definition 2.9 for the notation). Then there exists a homomorphism ψ : A→ B such that

KL(ψ) = KL(ϕ), ψT = ϕT and (ϕ‡ − ψ‡) ◦ sA = h̄. (e 5.73)

Proof. Let γ := ϕ‡ − h̄ ◦Πsu
A . Then ([ϕ], ϕT , γ) is compatible. By Lemma 5.2 (see also the

second part of 2.10), there is unital a homomorphism ψ′ : A→ B such that KL(ψ′) = KL(ϕ),
(ψ′)T = ϕT and

h̄0 := ((ψ′)‡ − γ) ◦ sA ∈ Hom(K1(A),RρB(K0(B))/ρB(K0(B))).

Then

((ψ′)‡ − ϕ‡) ◦ sA =
(

(ψ′)‡ − (γ + h̄ ◦Πsu
A )
)
◦ sA = h̄0 − h̄. (e 5.74)

It follows from Theorem 5.1 that h̄0 − h̄ ∈ Homalf (K1(A),Aff(T (B))/ρB(K0(B))). Since h̄ is

in Homalf (K1(A),Aff(T (B))/ρB(K0(B))), so is h̄0.
Let K1(A) = ∪∞n=1Gn, where Gn ⊂ Gn+1 is an increasing sequence of finitely generated

subgroups. Since h̄0 ∈ Homalf (K1(A),Aff(T (B))/ρB(K0(B))), there are homomorphisms hn :
K1(A) → Aff(T (B)) such that ΣB ◦ hn|Gn = −h̄0|Gn , n = 1, 2, ... (see 2.5 for ΣB). Since h̄0 ∈
Hom(K1(A),RρB(K0(B))/ρB(K0(B))), hn|Gn ∈ Hom(Gn,RρB(K0(B))). Since RρB(K0(B)) is
divisible, there exists homomorphism h0,n : K1(A)→ RρB(K0(B)) such that h0,n|Gn = hn|Gn .

By the second part of 2.10, gTR(A ⊗Mr) ≤ 1 and gTR(B ⊗Mr) ≤ 1 for any supernatural
number r of infinite type. By Lemma 5.2, there is a homomorphism ϕn : A→ B such that

KL(ϕn) = KL(ψ′) = KL(ϕ), ϕnT = ϕT and (ψ′
‡ − ϕ‡n) ◦ sA = h̄n. (e 5.75)

Let Fn ⊂ Fn+1 be a sequence of finite subsets of A such that ∪∞n=1Fn is dense in A. By
applying Theorem 5.5, we obtain a subsequence {ϕnk} and a sequence of unitaries {uk} of B
such that

‖u∗k+1ϕnk+1
(a)uk+1 − ψk(a)‖ < 1/2k+1 for all a ∈ Fk, (e 5.76)

where ψ1 = ϕ1, and ψj+1 = Aduj+1 ◦ ϕnj+1 , j = 1, 2, ....
Then {ψk(a)} is a Cauchy sequence for each a ∈ A. Let ψ(a) = limk→∞ ψk(a) for a ∈ A.

Then ψ defines a unital homomorphism from A to B. Since KL(ϕn) = KL(ϕ) and ϕnT = ϕT
for all n ∈ N, one concludes that

KL(ψ) = KL(ϕ) and ψT = ϕT . (e 5.77)

Note h̄n|Gn = h̄0|Gn , by (e 5.75),

(ψ′
‡ − ψ‡) ◦ sA|Gn = −h̄0|Gn , n = 1, 2, .... (e 5.78)

It follows that

(ψ′
‡ − ψ‡) ◦ sA = −h̄0. (e 5.79)

Finally,

(ϕ‡ − ψ‡) ◦ sA = (ϕ‡ − ψ′‡) ◦ sA + (ψ′
‡ − ψ‡) ◦ sA = −(h̄0 − h̄)− h̄0 = h̄. (e 5.80)
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Definition 5.7. Let A be a unital separable C∗-algebra with stable rank at most n such that
T (A) 6= ∅. Let j : Aff(T (A))/ρA(K0(A))→ U0(Mn(A))/CU(Mn(A)) ⊂ U(Mn(A))/CU(Mn(A))
be the embedding.

Define R0 := j(RρA(K0(A))). Denote by U(A)/CU(A)R the quotient group
(U(Mn(A))/CU(Mn(A)))/R0 and

ΠR,cu
A : U(Mn(A))/CU(Mn(A))→ U(Mn(A))/R0 = U(Mn(A))/CU(Mn(A))R

is the quotient map. Denote by πRcuA : U(Mn(A))/CU(Mn(A))R → K1(A)

and λRA : Aff(T (A)) → Aff(T (A))/RρA(K0(A)) be the quotient map. Since RρA(K0(A)) is a
divisible subgroup (a real subspace of Aff(T (B)), in fact), there is a splitting map

sγA : U(Mn(A))/CU(Mn(A))R → U(Mn(A))/CU(Mn(A)) (e 5.81)

such that ΠR,cu
A ◦ sγA = idU(Mn(A))/CU(Mn(A))R .

If B is another separable C∗-algebra with stable rank at most n such that T (A) 6= ∅ and
ϕ : A → B is a unital homomorphism, then ϕ induces a continuous homomorphism ϕR‡ :
U(Mn(A))/CU(Mn(A))R → U(Mn(B))/CU(Mn(B))R.

Let κ ∈ KLe(A,B)++ and κT : T (B)→ T (A) be a continuous affine map.
Let γR : U(Mn(A))/CU(Mn(A))R → U(Mn(B))/CU(Mn(B))R be a homomorphism. We

say (κ, κT , γ
R) is compatible, if (κ, κT ) is compatible, γR|

Aff(T (A))/RρA(K0(A))
is induced by κT ,

and πRcuB ◦ γR = κ|K1(A) ◦ πRcuA .

Denote by Homκ,κT (U(Mn(A))/CU(Mn(A))R, U(Mn(B))/CU(Mn(B))R) the set of all ho-
momorphisms γR : U(Mn(A))/CU(Mn(A))R, U(Mn(B))/CU(Mn(B))R which are compatible
with (κ, κT ). Fix

ḡ ∈ Homκ,κT (U(Mn(A))/CU(Mn(A))R, U(Mn(B))/CU(Mn(B))R),

then

{ḡ − β : β ∈ Homκ,κT (U(Mn(A))/CU(Mn(A))R, U(Mn(B))/CU(Mn(B))R)}
= Hom(K1(A),Aff(T (B))/RρB(K0(B))). (e 5.82)

We use the notation Γḡ for the bijection β 7→ ḡ − β. Thus we will view it as an abelian group.

For the simplicity of notation, we will use U(A), CU(A) and CU(A)R for U(Mn(A)),
CU(Mn(A)) and CU(Mn(A))R, or simply assume that the algebras A and B have stable rank
1, and therefore n = 1.

Proposition 5.8. Let (κ, κT ) be a compatible pair. Then there is a splitting short exact sequence:

0→ Hom(K1(A),RρB(K0(B))/ρB(K0(B))) (e 5.83)

→ Homκ,κT (U(A)/CU(A), U(B)/CU(B)) (e 5.84)

→ Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R)→ 0. (e 5.85)

Proof. For each ζ ∈ Homκ,κT (U(A)/CU(A), U(B)/CU(B)), consider Πcu
B ◦ ζ(x) for all x ∈

U(A)/CU(A). Since

ζ(RρA(K0(A))/ρA(K0(A))) ⊂ RρA(K0(B))/ρA(K0(B))

as ζ is compatible with (κ, κT ), Πcu
B ◦ ζ vanishes on RρA(K0(A))/ρA(K0(A)) which uniquely

defines a homomorphism ΠH,R(ζ) ∈ Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R). Fix

g ∈ Homκ,κT (U(A)/CU(A), U(B)/CU(B))

39



ac
ce
pt
ed
7-
28
-2
1,
J.
No
nc
om
m
. G
eo
m

and let ḡ := ΠH,R(g) ∈ Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R). Using Γg and Γḡ and viewing
Homκ,κT (U(A)/CU(A), U(B)/CU(B)) and Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R) as abelian
groups as described in 2.9 and 5.7, then

ΠH,R : Homκ,κT (U(A)/CU(A), U(B)/CU(B))→ Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R)

defines a homomorphism. If ΠR,cu
B ◦(g−ζ) = 0, then g(x)−ζ(x) ∈ RρA(K0(B))/ρA(K0(B)) for all

x ∈ U(A)/CU(A). Since g and ζ are both compatible with (κ, κT ), g−ζ defines a homomorphism
from K1(A) to RρA(K0(B))/ρA(K0(B)). Conversely, if g − ζ defines a homomorphism from
K1(A) into RρA(K0(B))/ρA(K0(B)) (not just into Aff(T (A))/ρA(K0(B)), then ΠH,R(g−ζ) = 0.
It follows that

kerΠH,R = Hom(K1(A),RρB(K0(B))/ρB(K0(B))). (e 5.86)

For each ξ ∈ Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R), define a homomorphism

ζ : U(A)/CU(A)→ U(B)/CU(B) by ζ = sγB ◦ ξ ◦ΠR,cu
A . Since (see the line below (e 5.81))

ΠR,cu
B (ζ) = (ΠR,cu

B ◦ sγB)(ξ ◦ΠR,cu
A ) = ξ ◦ΠR,cu

A ,

we have

ΠH,R(sγB ◦ ξ ◦ΠR,cu
A ) = ξ. (e 5.87)

This implies that ΠH,R is surjective. Define

SH,R : Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R)→ Homκ,κT (U(A)/CU(A), U(B)/CU(B))

by SH,R(ξ) = sγB ◦ΠR,cu
A . Then, by (e 5.87), SH,R is the splitting map.

Proposition 5.9. (See Definition 2.9 for the notations.)

Homalf (K1(A),Aff(T (B))/ρB(K0(B))) = Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B)))

and

Homalf (K1(A),RρB(K0(B))/ρB(K0(B)))

= Hom(K1(A)/Tor(K1(A)),RρB(K0(B))/ρB(K0(B))). (e 5.88)

Proof. Suppose that ξ ∈ Homalf (K1(A),Aff(T (B))/ρB(K0(B))).Write K1(A) = ∪∞n=1Gn, where
Gn ⊂ Gn+1 and each Gn is finitely generated. For any x ∈ Tor(K1(A)), there is an integer n ≥ 1
such that x ∈ Gn. Choose hn : K1(A)→ Aff(T (B)) such that ΣB◦hn|Gn = ξ|Gn . Since Aff(T (B))
is torsion free, hn(x) = 0. It follows that ξ(x) = 0. In other words, ξ|Tor(K1(A)) = 0. Therefore ξ

gives a unique homomorphism ξ̄ in Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))). The map

G : Homalf (K1(A),Aff(T (B))/ρB(K0(B)))

−→ Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))) (e 5.89)

given by ξ 7→ ξ̄ is an injective group homomorphism.
To see the surjectivity, let ζ̄ ∈ Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))). Define ζ :

K1(A) → Aff(T (B))/ρB(K0(B)) by ζ := ζ̄ ◦ q, where q : K1(A) → K1(A)/Tor(K1(A)) is the
quotient map.
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For each n ∈ N, let Ḡn be the image of Gn in K1(A)/Tor(K1(A)). Then Ḡn is a free abelian
group. Therefore there exist a homomorphism λn : Ḡn → Aff(T (B)) such that ΣB ◦ λn = ζ̄|Ḡn .
Since Aff(T (B)) is divisible, there is an extension λ̃n : K1(A)/Tor(K1(A)) → Aff(T (B)) such
that λ̃n|Ḡn = λn.

Define γn : K1(A)→ Aff(T (B)) by γ′n := λ̃n ◦ q. Then

ζ|Gn = ΣB ◦ γn|Gn . (e 5.90)

This implies that
ζ ∈ Homalf (K1(A),Aff(T (B))/ρB(K0(B))).

But G(ζ) = ζ̄. So the map is surjective.
The second identity follows from the first one.

Theorem 5.10. Let A and B be unital finite separable simple amenable Z-stable C∗-algebras
which satisfy the UCT. Then, for every compatible pair (κ, κT ), where κ ∈ KLe(A,B)++ and
κT : T (B)→ T (A) is an affine continuous map, there exists a splitting short exact sequence

0→ Hom(K1(A)/Tor(K1(A)),RρB(K0(B))/ρB(K0(B))

→ Homκ,κT ,app(A,B)

→ Homκ,κT (U(A)/CU(A)R, U(B)/CU(A)R)→ 0. (e 5.91)

Proof. By Theorem 4.3 and Theorem 5.2, for each compatible pair (κ, κT ), there is a one-to-one
map

Γ : Homκ,κT ,app(A,B)→ Homκ,κT (U(A)/CU(A), U(B)/CU(B)) (e 5.92)

which is not void. So Γ(Homκ,κT ,app(A,B)) is a subset of
Homκ,κT (U(A)/CU(A), U(B)/CU(B)). Choosing a splitting map
sγA : U(A)/CU(A)R → U(A)/CU(A), by Theorem 5.2 and Proposition 5.8, the quotient map

ΠH,R : Homκ,κT (U(A)/CU(A), U(B)/CU(B)))→ Homκ,κT (U(A)/CU(A)R, U(B)/CU(B)R)

restricting on Γ(Homκ,κT ,app(A,B)) is surjective. Fix [ϕ] ∈ Homκ,κT ,app(A,B). If
[ψ] ∈ Homκ,κT ,app(A,B) and ΠH,R(Γ([ϕ]))−ΠH,R(Γ(([ψ])) = 0, then, by Theorem 5.1,

h̄ := Γ([ϕ])− Γ([ψ]) ∈ Homalf (K1(A),RρB(K0(B))/ρB(K0(B)). (e 5.93)

By Theorem 5.6, there is ψ1 : A→ B such that

KL(ψ1) = KL(ϕ), ψ1T = κT and (ϕ‡ − ψ‡) ◦ sA = h̄. (e 5.94)

This implies, applying Theorem 4.3, that Homalf (K1(A),RρB(K0(B))/ρB(K0(B))) is a sub-
group in the subset Γ(Homκ,κT ,app(A,B)) of an abelian group. Since ΠH,R◦Γ(Homκ,κT ,app(A,B))
is a group, we conclude that Γ(Homκ,κT ,app(A,B)) is a subgroup of
Homκ,κT (U(A)/CU(A), U(B)/CU(B)). Thus we obtain the short exact sequence, applying also
Proposition 5.9.

To show that the short exact sequence splits, it suffices to show that
Hom(K1(A)/Tor(K1(A)),RρB(K0(B))/ρB(K0(B))) is divisible. But this is immediate since
RρB(K0(B))/ρB(K0(B)) is divisible.
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Corollary 5.11. Let A and B be two finite separable simple amenable Z-stable C∗-algebras
which satisfy the UCT. Then

Homκ,κT(U(A)/CU(A), U(B)/CU(B))/Homκ,κT ,app(A,B)

∼= Hom(K1(A),RρB(K0(B))/ρB(K0(B)))/Homalf (K1(A),RρB(K0(B))/ρB(K0(B))).

Theorem 5.12. Let A and B be finite unital separable simple amenable Z-stable C∗-algebras
which satisfy the UCT. Suppose (κ, κT ) is a compatible pair, where κ ∈ KLe(A,B)++ and
κT : T (B) → T (A) is an affine continuous map. Then there exists a unital homomorphism
ϕ : A→ B such that (KL(ϕ), ϕT ) = (κ, κT ). Moreover,

Homκ,κT ,app(A,B) ∼= Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))). (e 5.95)

Proof. By Theorem 5.2, there exists a unital homomorphism ϕ : A→ B such that (KL(ϕ), ϕT ) =
(κ, κT ). Let Γ : Homκ,κT ,app(A,B) → Homκ,κT (U(A)/CU(A), U(B)/CU(B)) be the one-to-one
map introduced in (e 5.92). Put g := Γ(ϕ). If ψ : A→ B is another unital homomorphism with
(KL(ψ), ψT ) = (κ, κT ), Then, by Theorem 5.1, g−ψ‡ ∈ Homalf (K1(A),Aff(T (B))/ρB(K0(B))).
In other words,

Γg ◦ Γ(Homκ,κT ,app(A,B)) ⊂ Homalf (K1(A),Aff(T (B))/ρB(K0(B))).

Note that Γg is also one-to-one. It follows from Theorem 5.6 that Γg ◦ Γ is surjective. Hence

Homκ,κT ,app(A,B) ∼= Homalf (K1(A),Aff(T (B))/ρB(K0(B))).

Applying Proposition 5.9, one obtains

Homκ,κT ,app(A,B) ∼= Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))).

Corollary 5.13. Let A and B be unital finite separable simple amenable Z-stable C∗-algebras
which satisfy the UCT. Then, for any compatible triple (κ, κT , κγ), where κ ∈ KLe(A,B)++,
κT : T (B) → T (A) is an affine continuous map and κγ : U(A)/CU(A) → U(B)/CU(B) is a
continuous homomorphism, there is a unital homomorphism ϕ : A→ B such that

KL(ϕ) = κ, ϕT = κT and ϕ‡ = κγ (e 5.96)

if one of the following holds:
(1) TR(B) ≤ 1,
(2) ρB(K0(B)) = RρB(K0(B)),
(3) Hom(K1(A),RρB(K0(B))/ρB(K0(B))) = Homalf (K1(A),RρB(K0(B))/ρB(K0(B))).
(4) K1(A) is torsion free.

Proof. Note that (2) follows from Theorem 5.10 immediately. Therefore, by Proposition 3.6 of
[14], (1) follows.

Also (3) follows from Corollary 5.11. Moreover, (4) follows from Theorem 5.12.

Remark 5.14. There are plenty of examples of

Hom(K1(A),RρB(K0(B))/ρB(K0(B)))/Homalf (K1(A),RρB(K0(B))/ρB(K0(B))) 6= {0}.
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In those cases, there are compatible triples (κ, κT , κγ) which cannot be represented by homo-
morphisms from A to B.

To illustrate this, let us consider a simple example. By Theorem 13.50 of [6], there is a unital
separable simple amenable Z-stable C∗-algebra A with a unique tracial state τA satisfying the
UCT such that (K0(A),K1(A)+, [1]) = (Z,Z+, 1) and K1(A) = Z/mZ for some prime number
m ≥ 2. Note that, one has the following splitting short exact sequence

0→ R/Z→ U(A)/CU(A)→ Z/mZ→ 0. (e 5.97)

LetB =Z be the Jiang-Su algebra. Note thatKL(A,B) = KK(A,B) = Hom(Z,Z)⊕Ext(Z/m,Z).
Let κ ∈ KLe(A,Z)++ with κ([1A]) = [1Z ] (there are m such elements, we will fixed one). By
Lemma 5.2, there is a unital homomorphism ϕ : A → Z. Then ϕ‡ : U(A)/CU(A) → R/Z is
a homomorphism which is compatible with (κ, ι), where ι induces the identity map on R. It
follows that kerϕ‡ ∼= Z/mZ. One may also write

U(A)/CU(A) = R/Z⊕ kerϕ‡. (e 5.98)

Note that

Homκ,ι(U(A)/CU(A), U(Z)/CU(Z)) = Hom(Z/mZ,R/Z) ∼= Z/mZ. (e 5.99)

Since K1(A) = Z/mZ is torsion,

Homalf (K1(A),R/Z) = Hom(K1(A)/Tor(K1(A)),R/Z) = {0}. (e 5.100)

Therefore, by Theorem 5.10, Homκ,ι(A,B) has only a single point. So

Homκ,ι,app(A,B) 6= Homκ,ι(U(A)/CU(A), U(Z)/CU(Z)). (e 5.101)

Proposition 5.15. Let B be a unital finite separable simple amenable Z-stable C∗-algebra which
satisfies the UCT such that RρB(K0(B)) 6= ρB(K0(B)). Then, for any unital separable simple
amenable Z-stable C∗-algebra which satisfies the UCT with Tor(K1(A)) 6= {0}, and for any
compatible pair (κ, κT ), where κ ∈ KLe(A,B)++ and κT : T (B)→ T (A) is a continuous affine
homeomorphism, there is a compatible triple (κ, κT , κγ), such that no unital homomorphism
ϕ : A→ B has the property that

(KL(ϕ), ϕT , ϕ
‡) = (κ, κT , κγ). (e 5.102)

Proof. Fix a compatible triple (κ, κT ), where κ ∈ KLe(A,B)++ and κT : T (B)→ T (A) is a con-
tinuous affine homeomorphism. It follows from Lemma 5.2 that there is a unital homomorphism
ψ : A→ B such that KL(ψ) = κ and ψT = κT .

Let x ∈ K1(A) \ {0} such that px = 0 for some prime number p > 1.
Since RρB(K0(B)) 6= ρB(K0(B)), there is y 6= 0 in ρB(K0(B)) such that

{r ∈ Q : ry ∈ ρB(K0(B))} (e 5.103)

is not dense in R. Note Dp = {mpn : n ∈ N ∪ {0},m ∈ Z} is dense in Q. Therefore there must be
an integer n ∈ N such that

(1/pn+1)y 6∈ ρB(K0(B)) and (1/pn)y ∈ ρB(K0(B)). (e 5.104)

Put z0 = (1/pn+1)y. Then pz0 ∈ ρB(K0(B)). Let z be the image of z0 in RρB(K0(B))/ρB(K0(B)).
Then z 6= 0 and pz = 0. Let Gx be the subgroup of K1(A) generated by x. Then Gx ∼=
Z/pZ. Define a homomorphism hx : Gx → RρB(K0(B))/ρB(K0(B)) by hx(x) = z. Since
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RρB(K0(B))/ρB(K0(B)) is divisible, there is a homomorphism h̄ : K1(A)→ RρB(K0(B))/ρB(K0(B))
such that h̄|Gx = hx.

Now define κγ : U(A)/CU(A) → U(B)/CU(B) by κγ := ψ‡ + h̄ ◦ Πcu
A . Then (κ, κT , κγ) is

compatible. If there were a unital homomorphism ϕ : A → B such that ϕ‡ = κγ , then, for a
fixed splitting map sA,

(ϕ‡ − ψ‡) ◦ sA ∈ Homalf (K1(A),RρB(K0(B))/ρB(K0(B)). (e 5.105)

But

(ϕ‡ − ψ‡) ◦ sA = h̄ ◦Πcu
A ◦ sA = h̄ (e 5.106)

which is not in Homalf (K1(A),RρB(K0(B))/ρB(K0(B)). A contradiction.

Remark 5.16. Note that if A is a unital separable simple C∗-algebra such that gTR(A⊗Mp) ≤
1 for some supernatural number p of infinite type, then A, as a C∗-subalgebra of A⊗Mp must
have a finite faithful trace. In particular, A is stably finite.

Theorem 5.6, 5.10, and 5.12, Corollary 5.11 and 5.13, and Proposition 5.15 all hold if we
replace the condition that B is amenable and satisfies the UCT by gTR(B) ≤ 1, since we only
use that before 5.6. If we further assume that Ki(A) is finitely generated (i = 0, 1), then the
condition that A is Z-stable can be replaced by gTR(A⊗Q) ≤ 1 as we do not need 5.4 and 5.5.

6 Sequence of maps, another description

Definition 6.1. Set

Ik := {f ∈ C0((0, 1],Mk) : f(1) ∈ C1k}. (e 6.1)

Put A(k) = A⊗ Ik and Ã(k) the unitization of A(k). We may identify

Ã(k) = {f ∈ C([0, 1], A⊗Mk) : f(0) ∈ C1k and f(1) ∈ A⊗ 1k}. (e 6.2)

Note Ki(A ⊗ Ik) is identified with Ki+1(A,Z/kZ) (see 1.2 of [2]). Let ηk : A(k) → A be the
homomorphism defined by ηk(f) = f(1) for all f ∈ A(k). Consider the short exact sequence

0→ S(Mk(A))→ A⊗ Ik
ηk−→A→ 0, (e 6.3)

where S(Mk(A)) = {f ∈ C([0, 1],Mk) : f(0) = f(1) = 0}. It gives the following six-term exact
sequence (see equation (1.6) of [2]).

K0(A) → K0(A,Z/kZ)
ηk∗1−→ K1(A)

↑×k ↓×k
K0(A)

ηk∗0← K1(A,Z/kZ) ← K1(A).

(e 6.4)

One also has a (unnaturally) splitting short exact sequence

0→ K0(A)/kK0(A)→ K0(A,Z/kZ)→ Tor(K1(A),Z/kZ)→ 0, (e 6.5)

where Tor(K1(A),Z/kZ) = {y ∈ K1(A) : ky = 0}. Fix a splitting map jk : Tor(K1(A),Z/kZ)→
K0(A,Z/kZ). Then, combining (e 6.4),

ηk∗1 ◦ jk = idTor(K1(A),Z/kZ) . (e 6.6)
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Let πC
A(k) : Ã(k) → C be the quotient map and (πC

Mn(A(k))
)u : U(Mn(Ã(k))) → U(Mn(C)) be

the induced group homomorphism. Define for any n ≥ 1

U(Mn(A⊗ Ik))ι = ker(πC
Mn(A(k))

)u = {u ∈Mn(Ã(k)) : πC
A(k) ⊗ idn(u) = 1n}. (e 6.7)

Denote by CU(Mn(A⊗ Ik))ι := CU(Mn(Ã⊗ Ik)) ∩ U(Mn(A⊗ Ik))ι.

Definition 6.2. Let D be a non-unital C∗-algebra with T (D) 6= ∅. For each f ∈ Aff(T (D)),

define ι]D : Aff(T (D)) → Aff(T (D̃)) by ι]D(f)(αtC + (1 − α)τ) = (1 − α)f(τ) for all 0 ≤ α ≤ 1,
τ ∈ T (D) and tC ∈ T (D̃) such that tC|D = 0, where tC := t ◦ πCD and where πCD : D̃ → C is the
quotient map and t is the unique tracial state on C. Put

Aff(T (D))ι = {ι]D(f) : f ∈ Aff(T (D))}⊂ Aff(T (D̃)).

Definition 6.3. Let k = 0, 2, .... Suppose that A is a unital C∗-algebra and has stable rank at
most n− 1. Note, since K0((A⊗ Ik)) is a torsion group, ρ

Ã(k)
(K0((A⊗ Ik)

∼
) = Z · 1T , where 1T

represents the constant affine function on T (Ã(k)) with value 1. Then

ρ
Ã(k)

(K0(A⊗ Ik)∼) = Z · 1T .

One then checks that Aff(T (A⊗ Ik))ι ∩ ρÃ(k)
(K0((A⊗ Ik)∼)) = {0}.

On the other hand, let x ∈ K1(A⊗ Ik) and u ∈ U(Mn(A⊗ Ik)) be a unitary which represents
x. Suppose that πC

Mn(Ã(k))
(u) = z which is a scalar unitary. Let Z ∈ Mn(C · 1

Ã(k)
) be the same

scalar matrix in Mn(Ã(k)). Put v = uZ∗. Then [v] = [u] in K1(A⊗ Ik) and v ∈ U(A⊗ Ik)ι. This
implies that Πcu

A(k) , the restriction of Πcu

Ã(k)
on U(A⊗ Ik)ι/CU(A⊗ Ik)ι is surjective. Thus, from

the short exact sequence

0→ Aff(T (Ã(k)))/Z→ U(Mn(Ã(k)))/CU(Mn(Ã(k)))
Πcu˜
A(k)−→ K1(A(k))→ 0, (e 6.8)

one obtains the following short exact sequence

0→ Aff (T (A⊗ Ik))ι → U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι
Πcu
A(k)−→ K1(A⊗ Ik)→ 0. (e 6.9)

Let A and B be unital C∗-algebras of stable rank no more than n− 1. Fix a compatible pair
(κ, κT ). Then κT induces an affine continuous map τ⊗s 7→ κT (τ)⊗s from T (B⊗Ik) to T (A⊗Ik)
which in turn induces an affine continuous map κ̄

(k)
] : Aff(T (A ⊗ Ik))ι → Aff (T (B ⊗ Ik))ι. Let

κ
(k)
γ : U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι → U(Mn(B ⊗ Ik))ι/CU(Mn(B ⊗ Ik))ι be a continuous

homomorphism. We say that (κ, κT , κ
(k)
γ ) is compatible, if the following digram commutes.

0→ Aff(T (A⊗ Ik))ι → U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι
Πcu
A(k)−→ K1(A⊗ Ik) → 0

↓
κ̄

(k)
]

↓
κ

(k)
γ

↓κ|K0(A,Z/kZ)

0→ Aff(T (B ⊗ Ik))ι → U(Mn(B ⊗ Ik))ι/CU(Mn(B ⊗ Ik))ι
Πcu
B(k)−→ K1(B ⊗ Ik) → 0.

(e 6.10)

Recall that Aff(T (A⊗ Ik))ι is identified with Aff(T (A⊗ Ik))ι/ρÃ(k)
(K0(A⊗ Ik∼)). Note that

the homomorphism ηk also gives the following commutative diagram

0→ Aff(T (A⊗ Ik))ι → U(Mn(A⊗ Ik))
ι
/CU(Mn(A⊗ Ik))

ι
Πcu
A(k)−→ K1(A⊗ Ik) → 0

↓ ¯ηk] ↓η‡k ↓[ηk]|K0(A,Z/kZ)

0→ Aff(T (A))/ρA(K0(A)) → U(Mn(A))/CU(Mn(A))
Πcu
A(k)−→ K1(A) → 0.

(e 6.11)
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Denote by κΓ := {κ(k)
γ }k=0,2,... a sequence of homomorphisms. We say (κ, κT , κΓ) is totally

compatible if, for each k ≥ 2, the following digram commutes

0 −→ Aff(T (A(k))ι U(Mn(A(k)))ι/CU(Mn(A(k)))ι K1(A(k)) 0

0 −→ Aff(T (A))/ρA(K0(A)) U(Mn(A))/CU(Mn(A)) K1(A) 0

0 −→ Aff(T (B(k))ι U(Mn(B(k)))ι/CU(Mn(B(k)))ι K1(B(k)) 0

0 −→ Aff(T (B))/ρB(K0(B)) U(Mn(B))/CU(Mn(B)) K1(B) 0.

¯ηk]
¯

κ
(k)
]

η
‡
k

κ
(k)
γ

[ηk]

κ|

κ] κγ κ|

Note that the assumption that C∗-algebras have finite stable rank is not necessary. We put
it here for convenience so we do not need to draw infinite matrices.

Proposition 6.4. (1) The short exact sequence of (e 6.9) splits uniquely for k ≥ 2.

(2) Suppose (κ, κT , κ
′
Γ) and (κ, κT , κ

′′
Γ) are totally compatible, where κ′Γ = {κ′γ , κ

(k)′
γ : k ≥ 2}

and κ′′Γ = {κ′′γ , κ
(k)′′
γ : k ≥ 2}, and, κ′γ , κ

′′
γ : U(Mn(A))/CU(Mn(A))→ U(Mn(B))/CU(Mn(B)),

and
κ(k)′
γ , κ(k)′′

γ : U(Mn(A(k)))ι/CU(Mn(A(k)))ι → U(Mn(B(k)))ι/CU(Mn(B(k)))ι

are continuous homomorphisms. Then (κ′γ − κ′′γ) induces a homomorphism in

Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))).

(3) In (2), if κ′γ = κ′′γ , then κ′Γ = κ′′Γ.

Proof. (1) The fact that the short exact sequence splits follows from the fact that Aff (T (A⊗ Ik))ι
is divisible. Let sA(k) be a splitting map. Then Πcu

A(k) ◦ sA(k) = idK1(A(k)) . Suppose that s :
K1(A⊗ Ik)→ U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι is another splitting map. Then sA(k)−s maps
K1(A(k)) to Aff(A⊗Ik)ι. However, Aff (T (A⊗ Ik))ι is torsion free and K1(A⊗Ik) ∼= K0(A,Z/kZ)
is torsion. It follows sA(k) − s = 0.

(2) Let x ∈ Tor(K1(A)). Choose an integer k ≥ 2 such that kx = 0. Let Tor(K1(A),Z/kZ) =
{y ∈ K1(A) : ky = 0}. Recall that K1(A ⊗ Ik) = K0(A,Z/kZ). Let sA(k) : K1(A ⊗ Ik) →
U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι be the unique splitting map.

Suppose that (κ, κT , κ
′
Γ) and (κ, κT , κ

′′
Γ) are totally compatible. Then

(κ(k)
γ

′ − κ(k)
γ

′′
)|

Aff(T (A))/ρA(K0(A))
= 0. (e 6.12)

Moreover, the map

(κ(k)
γ

′ − κ(k)
γ

′′
) ◦ sA(k) : K1(A⊗ Ik)→ Aff(T (A⊗ Ik))ι

has to be zero, as Aff(T (A ⊗ Ik))ι is torsion free. In particular, for any element z with finite
order,

(κ(k)
γ

′ − κ(k)
γ

′′
) ◦ sA(k)(z) = 0. (e 6.13)

By the 12-term commutative diagram above at the end of 6.3, for any
y ∈ U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι, one has

(κ′γ − κ′′γ) ◦ ηk‡(y) = ηk
B
] (κ(k)

γ

′ − κ(k)
γ

′′
)(y), (e 6.14)

where ηBk : B⊗Ik → B is defined by ηBk (f) = f(1) for all f ∈ B⊗Ik as ηk defined. As mentioned
above, since Aff (T (B ⊗ Ik))ι is torsion free, if y has finite order,

(κ′γ − κ′′γ) ◦ ηk‡(y) = ηk
B
] (κ(k)

γ

′ − κ(k)
γ

′′
)(y) = 0. (e 6.15)
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By the 12-term diagram above, again, since sA(k) is unique,

ηk∗1 = Πcu
A ◦ η

‡
k ◦ sA(k) . (e 6.16)

Therefore (recall (e 6.6))

Πcu
A (ker(κ′γ − κ′′γ)) ⊃ Tor(K1(A),Z/kZ). (e 6.17)

Consequently, for any splitting map sA (see also (e 6.12))

J(Aff(T (A))/ρA(K0(A)) + sA(Tor(K1(A),Z/kZ)) ⊂ ker(κ′γ − κ′′γ), (e 6.18)

where J : (Aff(T (A))/ρA(K0(A))→ U(A)/CU(A) is given by the (inverse of) determinant map.
This implies that (κ′γ − κ′′γ)(x) = 0. Hence

(κ′γ − κ′′γ)|Tor(K1(A)) = 0. (e 6.19)

This proves (2).
(3) For any k ≥ 2, by (1), since sA(k) is unique, the diagram (e 6.10) becomes

0→ Aff (T (A⊗ Ik))ι → Aff(T (A⊗ Ik))ι ⊕ sA(k)(K1(A⊗ Ik))
Πcu
A(k)−→ K1(A⊗ Ik) → 0

↓
κ̄

(k)
]

↓
κ

(k)
γ

↓κ|K0(A,Z/kZ)

0→ Aff(T (B ⊗ Ik))ι → Aff(T (B ⊗ Ik))ι ⊕ sB(k)(K1(B ⊗ Ik))
Πcu
B(k)−→ K1(B ⊗ Ik) → 0.

Then, as Aff (T (A⊗ Ik))ι and Aff (T (B ⊗ Ik))ι are torsion free, and K1(A⊗Ik) and K1(B⊗I(k))

are torsion, we may write the decomposition κ
(k)
γ = κ]

(k)⊕κ|K1(A(k)) which is uniquely determined
by κ and κT . Thus (3) follows.

Theorem 6.5. Let A and B be unital finite separable simple amenable Z-stable C∗-algebras such
that A and B satisfy the UCT. Then, for any totally compatible triple (κ, κT , κΓ), where κ ∈
KLe(A,B)++, κT : T (B)→ T (A) is a continuous affine homomorphism, and κΓ = {κ(k)

γ }k=0,2,...

is as defined in 6.3, there is a unital homomorphism ϕ : A → B such that (KL(ϕ), ϕT , ϕ
‡
Γ) =

(κ, κT , κΓ).

Proof. Fix a compatible pair (κ, κT ), by Lemma 5.2, there is a unital homomorphism ψ : A→ B

such that KL(ψ) = κ, and ψT = κT . Clearly that (KL(ψ), ψT , ψ
‡
Γ) is totally compatible.

Suppose that (κ, κT , κΓ) is totally compatible. Then, by Proposition 6.4, ψ‡ − κγ induces a

homomorphism h̄ ∈ Hom(K1(A)/Tor(K1(A)),Aff(T (B))/ρB(K0(B))). It follows from Theorem
5.12 that there is a unique (up to approximately unitarily equivalent) unital homomorphism
ϕ : A → B such that KL(ϕ) = κ, ϕT = κT and ψ‡ − ϕ‡ = h̄. It follows that ϕ‡ = κγ . Since

(κ, κT , ϕ
‡
Γ) is totally compatible, by Proposition 6.4, ϕ‡Γ = κΓ.

Remark 6.6. Theorem 6.5 provides a complement to Theorem 5.12 and is a consequence of
Theorem 5.12 as the proof presented. It also provides a seemingly more functorial description.
However, ϕ‡Γ is really a sequence of maps, and, by (3) of Proposition 6.4, most of the data
are redundant. It does not appear to fit Theorem 4.3, the uniqueness theorem, well enough as
Theorem 4.3 only requires one map ϕ‡ from the list of ϕ‡Γ.

By (1) of Proposition 6.4 (and its proof), for k ≥ 2, the splitting map

sA(k) : K0(A,Z/kZ) = K1(A⊗ Ik)→ U(Mn(A⊗ Ik))ι/CU(Mn(A⊗ Ik))ι
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is a natural map. It follows that the composition

ζAk := η‡k ◦ sA(k) : K0(A,Z/kZ)→ U(Mn(A))/CU(Mn(A))

is also natural. By the last large diagram in 6.3, that (κ, κT , κΓ) is totally compatible is equivalent
to say that (κ, κT , κγ) is compatible together with ζBk ◦ κ|K0(A,Z/kZ) = κγ ◦ ζAk for each k ≥ 2.

In section 5, we state that, for a fixed compatible pair (κ, κT ), Homκ,κT ,app(A,B) is a subset
of Homκ,κT (U(A)/CU(A), U(B)/CU(B)). Theorem 5.10 and Theorem 5.12 provide a complete
description of this subset. One advantage of Theorem 5.10 and 5.12 is that it provides Corollary
5.13 which could not be seen from Theorem 6.5 as easily. More importantly it reveals that it is
the subgroup RρB(K0(B))/ρB(K0(B)) that prevents some of compatible triples (κ, κT , κγ) from
realizing by homomorphisms (see also Proposition 5.15).

Theorem 6.7 (cf. Theorem 29.5 of [7]). Let A and B be unital finite separable simple amenable
Z-stable C∗-algebra which satisfy the UCT. Suppose that there is an isomorphism γi : Ki(A)→
Ki(B) (i = 0, 1) and an affine homeomorphism κT : T (B)→ T (A) such that γ0([1A]) = [1B] and
(ρB ◦γ0(x))(τ) = ρA(x)(κT ) for all x ∈ K0(A) and τ ∈ T (B). Then there exists an isomorphism
Φ : A → B such that Φ induces γi (i = 0, 1) and κT . Moreover, if there is a totally compatible
triple (κ, κT , κΓ), where κ ∈ KL(A,B) such that κ([1A]) = [1B], κ induces isomorphisms from

Ki(A) onto Ki(B) (i = 0, 1), κT is an affine homeomorphism, and κΓ = {κ(k)
γ }k=0,2,... is as

defined in 6.3, then there is an isomorphism ψ : A→ B such that (KL(ψ), ψT , ψ
‡
Γ) = (κ, κT , κΓ).

Proof. The first part of the statement follows from Theorem 29.5 of [7] (and the last two sentences
of the proof). However, the first part also follows from the second part which can be proved using
the results of this paper. In fact, there is κ ∈ KL(A,B) which induces γi (i = 0, 1). By Theorem

5.2, there is a unital homomorphism ϕ : A→ B such that (KL(ϕ), ϕT , ϕ
‡
Γ) = (κ, κT , ϕ

‡
Γ), which

is totally compatible. Hence the first part follows from the second part.
For the second part, by the UCT, there is a κ−1 ∈ KL(B,A) (so that κ×κ−1 = KL(idA) and

(κ−1, κ−1
T ) is compatible. It follows from Theorem 5.2 again that there is a unital homomorphism

Ψ : B → A such that KL(Ψ) = κ−1 and ΨT = κ−1
T . Consider the endomorphism Ψ ◦ ϕ :

A → A. Then KL(Ψ ◦ ϕ) = KL(idA) and (Ψ ◦ ϕ)T = idT (A) . By Theorem 5.1, there is h ∈
Homalf (K1(A),Aff(T (A))/ρA(K0(A))) such that

(id‡A−(Ψ ◦ ϕ)‡) ◦ sA = h. (e 6.20)

It follows from Theorem 5.6 that there is a unital homomorphism H ′ : A → A such that
KL(H ′) = KL(idA), H ′T = idT (A) and ((H ′)‡− id‡A) ◦ sA = h. Then KL(H ◦Ψ ◦ϕ) = KL(idA),
(H ′ ◦Ψ ◦ ϕ)T = idT (A) and

(H ′ ◦Ψ ◦ ϕ)‡ = idU(A)/CU(A) . (e 6.21)

Put H := H ′ ◦ Ψ : B → A. Then, KL(H) = κ−1, HT = κ−1
T and H‡ = κ−1

γ . It follows from
Theorem 4.3 that H ◦ϕ is approximately unitarily equivalent to idA and ϕ◦H is approximately
unitarily equivalent to idB . By the standard Elliott approximately intertwining argument, one
obtains an isomorphism ψ : A → B such that KL(ψ) = KL(ϕ), ϕT = κT and ϕ‡ = κγ . It

follows from (3) of Theorem 6.4 that ϕ‡Γ = κΓ.

Remark 6.8. Our method heavily depends on the papers [6] and [7] and is in the same lines
of those of [18]. Two ingredients of the proof are Winter’s deformation method ([26]) and
asymptotic unitary equivalence of homomorphisms (see [15]). As this note was drafting, we
were aware that a general result of this type has been announced by J. Carrion, J. Gabe, C.
Schafhauser, A. Tikuisis and S. White which we understand does not use Winter’s deformation
method ([26]) and asymptotic unitary equivalence of homomorphisms.
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